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Abstract

THEORY OF ENERGY TRANSFER OF ELECTRON EXCITATION:
KINETICS OF EXCITON LUMINESCENCE IN A THREE-LAYER SYSTEMS

Sergiy. I. Pokutnyi

The decay kinetics of exciton luminescence in impurity molecules in a three-layer system near
the interface of dielectric media in the presence of energy transfer of electron excitation is consid-
ered. It is shown that a change in the functional dependence of the probability of Fцrster energy
transfer leads to new characteristic dependences in the decay kinetics of impurity luminescence in
layered structures.
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Анотація

ТЕОРІЯ ПЕРЕНОСУ ЕНЕРГІЇ ЕЛЕКТРОННОГО ЗБУДЖЕННЯ: КІНЕТИКА ЕКСИТОННОЇ
ЛЮМІНЕСЦЕНЦІЇ В ТРЬОХШАРОВИХ СИСТЕМАХ

Сергій І. Покутній

Розглянуто кінетику затухання екситонної люмінесценції домішкових молекул, які зна-
ходяться в трьохшаровій системі поблизу пограничних діелектричних середовищ, при на-
явності переносу енергії електронного збудження між ними. Показано, що зміна функціо-
нальної залежності ферстеровської ймовірності переноса енергії приводить до нових хара-
ктерних залежностей в кінетиці затухання домішкової люмінесценції шаруватих систем.

Ключові слова: перенос енергії, кінетика екситонної люмінесценції, трьохшарові системи.
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1. Introduction

In inhomogeneous media (heterogeneous system,
biological membranes) the problem of energy trans-
fer of electron excitation (ETEE) on the surface is of
fundamental importance [1]. ETEE in inhomogene-
ous systems is widely used for the development of
various luminophors, scintillators, and also of mate-
rials used in quantum electronics (crystal and solu-
tions for Lasers [2 to 4].

One of the reasons stimulating the investigation
of the migration of electron excitation energy in lay-
ered media is the study of photosynthesizing sys-
tems aimed at a subsequent development of their ar-
tificial analog [5] and also the possible role of mi-
gration of excitons in biological systems [5 to10]
and in chemical reactions [1].

As the ETEE theory for inhomogeneous systems
is lacking it seems interesting to develop a theory of
energy transfer for the case of inhomogeneous me-
dia. In [12] we advanced an ETEE theory for an in-
homogeneous medium which is a layered structure.
As a result the Forster formula [12] was generalized
for the energy transfer probability W ( R ) ( R  is the
distance between donor and acceptor molecules) and
it was shown that at different intervals of distances
W ( R ) has a different power dependence on R .

In the present paper on the basis of the results
obtained in [12] for W ( R ) macroscopic conse-
quences of the energy transfer are studied, e. g. the
decay laws for donor luminescence

2. Probability of Energy Transfer in Inhomoge-
neous Media

In [12] we considered a three-layer system as a
typical and simple example of an inhomogeneous

medium. This system consisted of a thin film of
thickness L and with dielectric constant 2ε  sur-
rounded by two semi-infinite media dielectric con-
stants 1ε  and 3ε . The energy transfer between the
two molecules was studied with their different posi-
tions to the interfaces.

The coordinate system in [12] was chosen so
that the semi-space at Z < 0 was filled by the medi-
um with 1ε  and at Z > L by that with 3ε  thus limit-
ing the film with 2ε  at 0 < Z < L. One of the inter-
acting molecules was on the Z-axis at the point with
the coordinates (0, Z

1 
(i)) in medium i, and the other

in medium j at the point ( p , Z
2 
(j)). The interaction

arising between the dipole moments of the transi-
tion of the donor p

1 
(0, Z

1 
(i)) and the acceptor p

2

(0, Z
1 
(j)) depends not only on the distance between

the molecules R , but also on their distance from
the interface of the media Z

1 
(i), (L – Z

1 
(i)), (L – Z

2

(j)), Z
2 
(j).

The latter circumstance is due to the fact that in
the case of inhomogeneous media the local field cre-
ated by polarization induced by the dipoles also
makes a contribution to the interaction of dipole
moments of the donor p

1
 and the acceptor p

2
, in

additions to direct dipole-dipole interaction.
It should be stressed that both impurity molecules

and the matrix molecules are donors and acceptors
of energy.

In accordance with [1] we assume that donor and
acceptor molecules are oriented chaotically. Aver-
aging the probability of the energy transfer over all
orientations of dipole moments of molecules we ob-
tain an expression ( ) ( )|i jW R  for the probability of the
energy transfer described by simple analytical ex-
pressions in two limiting cases [12]:

Аннотация

ТЕОРИЯ ПЕРЕНОСА ЭНЕРГИИ ЭЛЕКТРОННОГО ВОЗБУЖДЕНИЯ:
КИНЕТИКА ЭКСИТОННОЙ ЛЮМИНЕСЦЕНЦИИ В ТРЕХСЛОЙНЫХ СИСТЕМАХ
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Рассмотрена кинетика затухания экситонной люминесценции примесных молекул, ко-
торые расположены в трехслойной системе вблизи граничных диэлектрических сред, при
наличии переноса энергии электронного возбуждения между ними. Показано, что измене-
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( ) ( )( )
( ) ( )( )

2 1 2 1

2 3 2 3

/ /

/ 1 ,

C S ε ε ε ε

ε ε ε ε

= − + ×

× − + <<  (1)

1 – | C/S | << 1. (2)

Conditions (1) corresponds to the situation when

2ε  of the film differs slightly from 1ε , 3ε  of one of
the media. In case (2) 2ε  of the film differs strongly
from the dielectric constants of its surrounding me-
dia. Within the framework of the Forster theory [1,

12] the probability ( ) ( )|i jW R  has the following form
if (1) is fulfilled:

( ) ( ) ( )6
0 1

| 6

|3
.

2i j

R i j
W R

R
τ −= (3)

In this case the effective radius of the transition1

is written in analogy with [1] as

( )
( )

( ) ( )( )

( )( )

6 0
0 5 42

2
1 2 1 1

0 0

2 2 1 1 2 2

3
|

2 2

| , ,

, , ; , .

i

dv
R i j

v

d d i j F v Z i

v Z j p R p R

π π

η
π ε

χ

σ

= ×

× Θ Θ Θ ×

× Θ Θ = Θ =

∫

∫ ∫ (4)

Here ( )2 |i jχ  is the orientation factor which de-

termines the dependence of ( ) ( )|i jW R  on the orienta-
tion of dipole moments of the donor p

1
 and the ac-

ceptor p
2
 relative to the vector R  separating the

molecules, τ is the donor lifetime, F (x) the normal-

ized radiation spectrum of the donor, ( )xσ  the ef-
fective absorption cross-section of the acceptor2  (in
cm2), η

0
 the quantum output of donor luminescence,

v the frequency of dipole moments of donor and ac-

ceptor transitions (in cm-1). The value ( )2 |i jχ  is a

function of ( ) ( ) ( )( )2
1 2 1 2| , , , ,i j f Z i Z j Rχ = Θ Θ

and is determined for each specific case in [12].
Consider now the situation determined by (2). In
this case within the interval of distances

R << 2L , (5)

1 The value ( )0 /R i j  becomes the bulk Forster radius
R

0
 [1] both at 1 2 3ε ε ε= =  and at .L → ∞

2 Below we assume that the distance from the mole-
cule to the interface exceeds appreciably the lattice con-
stant a. In this situation we may neglect a change in the
radiation and absorption spectra of the molecules caused
by the dependence of these spectra on the coordinates of
the donor ( )1Z i  and the acceptor ( )2Z j .

the transfer probability ( ) ( )|i jW R  is determined by
(3) and (4). Within the interval of distance

( )
2

2
| ln / |eff

L
L R l

C S
<< << = , (6)

the function ( ) ( )|i jW R  becomes [12]:

( )
( ) 4

0 1
|

|3
( )

2i j

r i j
W R

R
τ− 

=  
 

. (7)

Here ( )0 |r i j , i. e. the effective radius of energy
transfer within the interval of distances (6) is ex-

pressed in terms of ( )0 |R i j  (4) as follows [12]:

( ) ( ) ( ) ( )
2

04 4
0 0

|
| | | ,

R i j
r i j D i j R i j

L

 
=    

(8)

where the coefficient D (i | j) are: D (2 | 2) = 2-1

at 2 1 3,ε ε ε>>  and D (2 | 2) =

=8-1 ( ) ( ) 2

3 2 1 21 / /ε ε ε ε
−

 + +    at 2 1 3,ε ε ε<< ;

D (2 | j) = 8-1 ( ) 2

21 /jε ε
−

 +   at j = 1,3;

( ) ( )44 4 41
2 3 1| 8 i kD i j ε ε ε ε ε− −−= +  at i = j = 1 index

k = 3, and at i = j = 3 index k = 1. If the condition

imposed by the restriction of the film thickness L is

fulfilled [12],

L < ( )0 |R i j , (9)

the effective radius of the transfer ( )0 |r i j  (8) in
some cases can exceed (i | j) = (2 | 2), (i | j) = (2 | 1),
(i | j) = (2 | 3) at 2 1 3,ε ε ε>> ; (i | j) = (1 | 1), (i | j) =
= (3 | 3) at 2 1 3,ε ε ε<<  or be less (or of the order)
(i | j) = (2 | 2), (i | j) = (2 | 1) and (i | j) =
= (2 | 3) at 2 1 3,ε ε ε<< ; (i | j) = (1 | 1) and (i | j) =
= (3 | 3) at 2 1 3,ε ε ε>>  of the value ( )0 |R i j  (4)
[12], whose magnitude is close to that of the conven-
tional Forster radius R

0
 in the i-th medium [1] (see

footnote 3).
Within the interval of distances

l
eff

 << R , (10)

the probability of the transfer W
(i | j)

 is described by

(3) and (4) in which the orientation factor ( )2 |i jχ  =

= ( )1 2 3 1 2, , , ,f ε ε ε Θ Θ  is determined for each partic-
ular case in [12].
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3. Decay Law for Donor Luminescence in a
Three-Layer System

In order to obtain macroscopic consequences of
the ETEE it is necessary to average the transfer prob-
ability over the totality of molecules of energy donors
and acceptors. In accordance with [1] we consider a
“rigid” solution in a solvent transparent in the given
spectral region. We suppose in this case that during
the lifetime of the excited state mutual distances and
orientation of molecules will not change. Such “rigid”
solutions may be both crystalline and amorphous. We
also assume that the concentration of excited mole-
cule donors is very small [1].

The time of energy transfer is determined by

( ) ( )1
|i jt W R−< , (11)

and, depending on the intervals of distances (5), (6)
and (10), there exist also the corresponding time in-
tervals where the transfer probability has a different
power dependence on R. In this connection the decay

law for donor luminescence (DLDL) ( )n t  in the
three-layer system under consideration is described,
generally speaking, by different functional depend-

ences on ( )/t τ  over different time intervals. Within
the framework of the above approximation, assum-
ing that donor and acceptor molecules have statisti-
cally uniform spatial distributions with equiprobable
orientations of their dipole moments and taking into

account that the number of donors ( )n t  decreases
not only due to the transfer but also by spontaneous
emission, we obtain the DLDL [1]

( ) ( ) ( )( )
2

1

0
1 1exp , ,

l

l

n t
n t dZ i H t Z i

L τ
 = − −  ∫ (12)

where n
0
 is the concentration of excited molecule

donors at t = 0.

When calculating the function ( )( )1,H t Z i  one
must take into account that the rate of the transfer
depends not only on the distance R but also on the
mutual orientation of dipole moments.

In this connection when calculating ( )( )1,H t Z i

we assume that the dipole moment of the donor is
directed along the Z-axis and we shall average over
the orientations of the acceptors.

We write the function

( ) ( )( )|1 exp ,i j
V

H c W R t dV d = − − Ω ∫ ∫ (13)

in which c is the concentration of the acceptors, V

the limited volume containing the acceptor mole-
cules, dΩ the element of the body angle that deter-
mines the direction of the acceptor dipole moment.
Integration in (13) is carried out over the whole vol-
ume and all directions of dipole moment and radius
vector. In (12) integration is made over the region of
molecule donors which in the three-layer system un-
der consideration is, generally speaking, limited.

4. Decay Law of Luminescence for Donor
Molecules near the Interface in a Three-Layer
System

In [12, 13] DLDL
s
 were obtained for the case

when donor and acceptor molecules are in the bulk
of the film. In the present work, on the bases of the
results obtained in [12] for W ( R ), DLDL

s
 are stud-

ied for donor molecules near the interface in a three-
layer system.

Consider the situation when donor molecules are
either in the film or in the media surrounding the
film and acceptor molecules are outside the film. To

calculate the function ( )( )1,H t Z i  (13), when (2) is
fulfilled, the film of the thickness L was divided into
three regions by the radius vector of length 2L, l

eff
,

and ∞. In this case the radius vector originated from
the point of the dipole moment of the donor p

1
, di-

rected along the Z-axis. The expression for

( )( )1,H t Z i  is not given here because it is too cum-
bersome.

Substituting the expressions for the probability of
energy transfer W

(i | j)
 (3) into (13) with subsequent cal-

culation of the function ( )( )1,H t Z i  and its substitu-
tion (12) we obtained DLDL over the time interval

( )

6

0

2
0

3 2 |

t L

R i jτ
 

< <    
, (14)

that corresponds to the interval of distances (5) in the
following form [16]:

( ) ( ) ( )
1/ 2

0 0 1exp | |
t t t

n t n q i j q i j
τ τ τ

  = − − −     
, (15)

where the coefficients ( ) ( )0 1| 0, |q i j q i j= =

( ) ( )3/ 2 30.12 | |C i j L i jπ= at i = 2,  j = 1, 3; if

i = j = 1, or i = j = 3, then ( )0 |q i j =

( ) ( ) ( )3/ 2 3 / 2 3
11.12 | , | 0.83 |C i j q i j C L i jπ π= = .

In the case when i = 1 and j = 3 the coefficients

Sergey I. Pokutnyi
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( )0 1| 3 0q =  and ( ) ( )2 3/ 2
1 1| 3 8 10 1| 3q Cπ−= × ×

( )3 1| 3L× . The dimensionless parameters ( )|C i j

and ( )|L i j  equal, respectively: ( ) ( )3
0| | ,C i j CR i j=

( ) ( )0| | /L i j R i j L= . At times

( ) ( )

6 6

0 0

2 2 2

3 32 | |

L t L

R i j R i jτ
   

< <         
, (16)

the decay law n (t) is determined by the expression
[16]:

( ) ( ) ( )

( ) ( )

1/ 2

0 0 1

1/ 2

0 2 3

exp | |

exp | | ,

t t t
n t n q i j q i j

t t t
n q i j q i j

τ τ τ

τ τ τ

  = − − − +     
  + − − +     

(17)

where the coefficients are

( ) ( )( ) ( ) ( )3/ 2
2 3| 0,2 1 5 3 | /8 | ; |q i j D i j C i j q i jπ= + =

( ) ( ) ( )2 2 3 / 2 32 10 1 9 ln / / 4 | |C S C i j L i jπ−  × +   at

i = 2, j = 1,3. In the case when i = j = 1, or i = j = 3 the
coefficients

( ) ( ) ( ) ( ) ( )3/ 2 3/ 2 3
2 3| 0,1 | , | 0.1 | |q i j C i j q i j C i j L i jπ π= = ,

but if i = 1 and j = 3, then ( ) ( )3/ 2
2 1| 3 0.2 1| 3q Cπ= ,

( ) ( ) ( )2 3/ 2 3
3 1| 3 10 1| 3 1| 3q C Lπ−= − .

Over the time interval

( )

( ) ( ) ( )

0

6
14

0

2 2

3 |

2
6 | ln /

|

L t

R i j

L
D i j C S

R i j

τ

−

 
< <   

 
 <      

(18)

that corresponds to the interval of distances (6),
DLDL can be represented as follows:

( ) ( ) ( )

( ) ( )

1/ 2

0 2 3

1/ 2

0 4 5

exp | |

exp | |

t t t
n t n q i j q i j

t t t
n q i j q i j

τ τ τ

τ τ τ

  = − − +     
  − − − +     

. (19)

In (19) the coefficients are

( ) ( ) ( )3/ 2
4 | 3 | /8 |q i j D i j C i jπ= ; ( )5 | 5q i j = ×

( ) ( ) ( ) ( )2 2 3/ 2 310 | ln / | |D i j C S C i j L i jπ−×  at
i = 2 and j = 1,3; if i = j = 1 or i = j = = 3, then the

coefficients ( ) ( )4 5| 0, |q i j q i j= =

( ) ( ) ( )2 3/ 2 34 10 | | |D i j C i j L i jπ−= − × ; at i = 1, j = 3;

( )4 1| 3 0q =  and ( ) ( ) ( )3/ 2
5 1| 3 0.2 1| 3 1| 3q D Cπ= − ×

( )3 1|3L× . The parameter ( )|D i j  present in the coef-
ficients in (17) and (19) was determined before in (8).

Over the time interval corresponding to the inter-
val of distances (10) the value / 1t τ > , therefore the
decay law for n (t) over this interval is not consid-
ered, as the latter can easily be shown to make only a
negligibly small contribution to the decay law com-
pared to the appropriate contributions n (t) (17)
and (19).

When (1) is fulfilled over the time interval
0 < t / τ <1 the decay law for n (t) is determined by
the following formula [16]:

( ) ( ) ( )
1/ 2

0 0 1exp | |
t t t

n t n q i j q i j
τ τ τ

  = − − −     
,(20)

where the coefficients ( ) ( )3/ 2
0 | 1.12 |q i j C i jπ≈ ,

( ) ( ) ( )3/ 2 3
1 | 0.83 | |q i j C i j L i jπ≈ .

Over the time interval

( )
( )

1/ 2
0

1

|
0

| 1

q i jt

q i jτ
 < <<  −  (21)

(20) includes the decay law in a homogeneous medi-
um [1]

( )
1/ 2

0 0exp
t t

n t n q
τ τ

  = − −     
, (22)

where 3/ 2
0 1.12q Cπ≈ .

Let us analyze the decay laws for n (t) (15), (17),
and (19) for the case when (2) is fulfilled. The case
when the indices (i | j) = (2 | 1) or (i | j) = (2 | 3)
corresponds to the situation when donor molecules
are in the film and acceptor molecules are outside
the film in the media with 1ε  or 3ε . In the second
case (i | j) = (1 | 3) donor molecules are in the medi-
um with 1ε  and the acceptor molecules are in the
medium with 3ε . In both cases in contrast to the sit-
uation when molecules are only on the bulk of the
film [14, 15] there is no time interval over which n
(t) coincides with the appropriate decay law in the
homogeneous medium (22). The latter is caused by
the fact even at small times (14) the energy transfer
occurs over a distance of the order of one of the char-

acteristic sizes of inhomogeneities ( )( )1L Z i−  or Z
1

(i), therefore the coefficient q
0 
(2 | 1) = q

1
 (2 | 3) = 0.

Consider the case when (i | j) = (1 | 3), i. e. donor
molecules are in the medium with 1ε  and the accep-
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tor molecules are in the medium with 3ε . Here, as in
the previous two cases, there is no time interval
where n (t) would coincide with the appropriate
DLDL in an inhomogeneous medium (22).

In [16] the decay laws are studied for the cases
when the spatial distribution of acceptors will, gen-
erally speaking, be restricted by a film from only one
side. In this connection the DLDL (19) in contrast to
an appropriate law, which describes donor decays
for the case when donor and acceptor molecules are
in the bulk of the film [14, 15], will have in the expo-

nent no terms of the form (ln ( ) ( )1/ 6 3/ 4

6 2/ , /q t q tτ τ ,

and ( )1/ 6

5 /q t τ ), caused by restriction of the spatial
distribution of donors and acceptors by the film.

It should be noted that (9), due to the smallness of
the value R

0
 ≈ 5 to 10 nm [1, 13], is fulfilled only for

three-layer systems consisting of thin films 0L R< .
Therefore, the terms in (15), (17), (19), and (20) with

the coefficients ( )1 |q i j , ( )3 |q i j , and ( )5 |q i j , due
to the geometry of the inhomogeneous system, will
make the main contribution to the appropriate
DLDL

s
 for n (t) when (9) is fulfilled [16].

5. Conclusions

In an inhomogeneous medium radiation and ab-
sorption of a molecule depend on its coordinate:
therefore, experimental values of the coefficients of
absorption and luminescence of molecules in an in-
homogeneous medium are integrals of local charac-
teristics of radiation or absorption. Consequently,
the characteristics distance 0R  (4) cannot be ex-
pressed in terms of experimental values of the spec-
tra. In this connection a comparison of our DLDL

s

for ( )n t  with the curves for ( )n t  taken from exper-
iments on resonance quenching of donors allows one
to determine the value 0R  in layered structures.

As a three-layer structure a system consisting of a
biological membrane surrounded by water can be
chosen. (This system is described by (1).). The decay

laws for ( )n t  found in such systems can be used to
improve the technique of luminescent probes [6 to 8].

As three-layer systems in which (2) is fulfilled,
apparently one can use thin semiconductor or dielec-

tric films of thickness L < 5 nm activated by rare-
earth ions [2, 3] deposited on dielectric substrates (in
this case 2ε  of the film differs strongly from 1 3,ε ε
of the substrates). Investigation of energy transfer
processes in such three-layer structures is a rather
urgent problem associated with the search for laser
active materials [2, 4, 11].
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