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Abstract 

MODELING OF LONG-PERIOD FIBER GRATINGS AND THEIR 
APPLICATION ON LIQUID LEVEL SENSORS 

I. Flores-Llamas and V. Svyryd 

It is presented a mathematical model for non-uniform long-period fiber gratings which is based 
on the Coupled-Mode Theory. The model has the capability of considering the case of a surrounding 
medium with a refractive index higher than that of the optical fiber cladding, which gives advantages 
in a number of applications. As an application of the model a new liquid level sensor is proposed and 
the results of its simulation are compared with experimental data. 

Keywords: long period fiber gratings, refractometry, liquid level sensors. 

Ðåçþìå 

ÌÎÄÅËÞÂÀÍÍß ÄÎÂÃÎÏÅÐ²ÎÄÍÈÕ ÂÎËÎÊÎÍÍÎ-ÎÏÒÈ×ÍÈÕ ÐÅØ²ÒÎÊ 
ÒÀ ¯Õ ÇÀÑÒÎÑÓÂÀÍÍß Â ÑÅÍÑÎÐÀÕ Ð²ÂÍß Ð²ÄÈÍÈ 

². Ôëîðåñ-Ëüÿìàñ, Â. Ñâèðèä 

Ïîäàíà ìàòåìàòè÷íà ìîäåëü íåîäíîð³äíî¿ äîâãîïåð³îäíî¿ âîëîêîííî-îïòè÷íî¿ ðåø³òêè, 
çàñíîâàíà íà òåîð³¿ çâ’ÿçàíèõ ìîä. Öÿ ìîäåëü çäàòíà âðàõóâàòè é âèïàäîê ç ïîêàçíèêîì çà-
ëîìëåííÿ íàâêîëèøíüîãî ñåðåäîâèùà âèùèì, í³æ â îáîëîíêè îïòè÷íîãî âîëîêíà, ùî äàº 
ïåðåâàãè â áàãàòüîõ çàñòîñóâàííÿõ. Â ÿêîñò³ îäíîãî ³ç çàñòîñóâàíü ìîäåë³, ðîçðîáëåíî íîâèé 
ñåíñîð ð³âíÿ ð³äèíè, à òàêîæ ïîð³âíþþòüñÿ ðåçóëüòàòè éîãî ìîäåëþâàííÿ ç åêñïåðèìåíòà-
ëüíèìè äàíèìè. 

Êëþ÷îâ³ ñëîâà: äîâãîïåð³îäí³ âîëîêîííî-îïòè÷í³ ðåø³òêè, ðåôðàêòîìåòð³ÿ, ñåíñîðè ð³-
âíÿ ð³äèíè. 
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1. Introduction 

Recently, long-period fiber gratings (LPFGs) 
have experienced a remarkable demand in optical 
communication devices and sensing systems appli-
cations. They show higher sensitivity with respect 
to temperature, strain-induced and external refrac-
tive index changes, than their counterparts fiber 
Bragg gratings; and some techniques have been em-
ployed in order to further increase this sensitivity. 
In particular, the change in the index of refraction 
of the external medium causes changes in the trans-
mission spectrum response of LPFGs; this response 
depends on a combination of the grating parame-
ters and has been determined both theoretically and 
experimentally. 

LPFGs have been modeled accurately with the 
Coupled-Mode Theory (CMT), this theory allows 
us to consider several parameters of the gratings, for 
instance length of the grating, period chirp, apo-
dization, etc. Since LPFGs are highly sensitive to 
the external medium, they have been employed as 
refractive index sensors. However, the applicability 
of these devices has been constrained to a reduced 
interval of the external refractive index, because 
their sensitivity decreases when the external index 
is higher than that of the cladding fiber. Further-
more, the properties of LPFGs, under the influ-
ence of a medium with high refractive index, have 
been investigated theoretically only by few authors 
[1, 2]. These works present well-defined models for 
uniform LPFGs under these circumstances, but in 
many cases non-uniform LPFGs, with certain apo-
dization or period chirp, show some advantages, 
therefore, it is desirable to have an approach for 
modeling and simulating this kind of gratings. 

In this work is presented a more complete and 

versatile mathematical model for non-uniform 
LPFGs, which is based on the CMT and takes 
advantage of the F-matrix formalism. Besides, 
the mathematical model also considers the case 
of a surrounding medium with a refractive index 
higher than that of the optical fiber cladding, pro-
viding a wider working refractive index range, and 
giving further advantages in applications such as 
refractometric sensors, liquid level sensors, and 
tunable optical filters. Finally, in the present work 
is proposed a new liquid level sensor that operates 
properly for those cases when the refractive index 
of the liquid is higher than the refractive index of 
the fiber cladding. This liquid level sensor has been 
simulated with the described model and the results 
of its simulation coincide with experimental re-
sults. 

2. Modeling of LPFGs 

An LPFG is a periodic modulation of the effec-
tive refractive index of the fiber modes, there are 
several forms to produce this modulation, however, 
the most widely used consist in modifying the mate-
rial refractive index by taking advantage of the fiber 
photosensitivity to the UV-radiation, or modifying 
the fiber diameter employing etching or heating 
technologies. LPFGs have a typical period in the 
range of 100 to 600 μm and, when induced in sin-
gle-mode optical fibers, untilted gratings have the 
property of coupling light between the fundamen-
tal core mode (HE

11
) and several cladding modes 

of different order and with the same azimuthal 
symmetry (HE

1i
). The complex amplitudes of the 

modes are related by the well-known coupled equa-
tions for co-propagating modes 
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dB z
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( )
( ) ( )*= −σ κ , (2) 

where A(z) is the core mode amplitude, B(z) is the 
cladding mode amplitude, κ  is the ac cross-cou-
pling coefficient, and σ A  and σ B  are general dc 
self-coupling coefficients of the core and cladding 
modes respectively. In general σ A  and σ B  are dif-
ferent because the propagation conditions of the 
core and cladding modes may be distinct, thus they 
are defined by 

 σ δ σA co= + , (3) 

 σ δ σB cl= + , (4) 

where is assumed that there is no chirp in the grat-
ing and δ  is the detuning given by 

 δ β β
π

= − −
1

2
( ),co cl i Λ

, (5) 

here βco  and βcl i,  are the core mode and cladding 
mode propagation constants respectively, and Λ is 
the grating period. Also in Eqs. (3) and (4), σ co  and 
σ cl  are dc self-coupling coefficients of the core and 
cladding modes respectively, and their value is deter-
mined by the mode overlap integral. In order to deter-
mine βco , the eigenvalue equation for a step-index 
fiber and for HE modes must be solved [3], and if 
the effect of the core on the propagation constant of 
cladding HE

1i
 modes is neglected, the same eigen-

value equation may be employed to calculate βcl i, . 
When the external index n

3
 is higher than the 

cladding index n
2
, the cladding fiber and the exter-

nal medium can be considered as a hollow or leaky 
waveguide [4]. For this type of waveguide there is no 
total internal reflection, cladding modes experience 
Fresnel reflection at the boundary between the two 
media instead, giving rise to losses in the different 
cladding modes. In this case the eigenvalue equa-
tion still holds provided that βcl i,  and other quanti-
ties take complex values [4]; the real part of βcl i,  
represents the phase velocity and its imaginary part 
represents the loss rate. The solution of the eigen-
value equation becomes rather complex when the 
arguments of the Bessel functions take complex 
values, however, under the restrictions of low-loss 
cladding modes and wavelength much less than the 
cladding radius, the complex propagation constant 
is approximated by [4] 
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u ( )0  is the zero-order real approximation for the pa-
rameter u given by the ith root of 

 J ul− =1
0 0( )( )  for HE

li
 modes, (8) 

k
0
 is the free-space propagation constant, and a

2
 is 

the cladding radius. 
This analysis indicates that σ B  is complex-val-

ued when the fundamental core mode couples to 
leaky cladding modes, because the imaginary part 
of βcl i, must be incorporated to σ cl  since, by defini-
tion, δ  is a real quantity, which measures the devia-
tion of the wavelength from the resonant wavelength 
of the grating. 

An appropriate and straightforward approach 
for modeling non-uniform LPFGs is the F-matrix 
formalism [5], in which the grating is divided into 
M sections, each having constant parameters and 
being characterized by a 2 × 2 matrix F

m
. Assuming 

that the grating extends from 0 to L along the axis 
z and one grating section m extends from z = z

m-1
 to 

z = z
m
, the amplitudes of the modes at the section 

boundaries are related by 
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where the elements of the fundamental matrix 
for section m, obtained from Eqs. (1) and (2) and 
applying appropriate boundary conditions, are 
given by 
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here 

γ
σ σ σ σ κ σ σ
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2 2
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γ
σ σ σ σ κ σ σ

2

2 24
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L z zm m m= − −1 , and κm  is the ac cross-coupling co-
efficient in section m. Finally, the single 2 × 2 matrix 
F that describes the complete LPFG is obtained by 
multiplying the M matrices of each section, so the 
output mode amplitudes are calculated from 
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3. Design of liquid level sensors 

In an LPFG cladding modes show high sensitiv-
ity to the changes of the external index, hence, any 
variation of the external medium refractive index, in 
the grating region, causes changes on the resonant 
or central wavelength of the LPFG. This central 
wavelength of the attenuation bands in a uniform 
LPFG can be obtained from Eq. (5) and is given by 

 λi co
eff

cl i
effn n= −( ), Λ , (17) 

where nco
eff  and ncl i

eff
,  are the effective indexes of the 

core mode and cladding mode of order i respec-
tively. The sensitivity of the grating is determined 
by its period and the order of the cladding mode. 
Furthermore, for values of n

3
 between air and n

2
, ë

i
 

decreases as n
3
 increases; but when n

3
 is equal to n

2
, 

the attenuation band disappears, and for values of 
n

3
 higher than n

2
, the attenuation band reappears at 

a ë
i
 somewhat higher than that when the fiber is sur-

rounded by air, but with smaller depth of the trans-
mission minimum. This behavior can be exploited 
to measure the level of liquids with certain refrac-
tive index. 

A liquid level sensor has been presented in [6], 
its principle of operation consists in measuring the 
minimum transmission value of the two attenuation 
bands that appear when a uniform LPFG is partially 
immersed in a liquid with a refractive index almost 
equal but lower than that of the fiber cladding. In this 
case the grating can be considered as two cascaded 
gratings, each with different attenuation bands and, 
consequently, different central wavelengths. How-
ever, such attenuation bands may overlap if they are 
wide enough and one grating is surrounded by air and 

the other by a medium with refractive index close to 
the index of air or higher than the cladding index. 
Furthermore, the minimum value of the transmis-
sion and the attenuation bandwidth of each grating 
depend upon its length which is proportional to the 
liquid level; but its central wavelength does not vary 
if this length is modified. 

In contrast, here is proposed a liquid level sensor 
based on the variation of the central wavelength ë

i
, of 

a chirped LPFG, due to the level of a liquid h, with a 
refractive index n

liq
 higher than that of the fiber clad-

ding. According to Eq. (17), a method to produce a 
shift in the central wavelength of each grating region 
(immersed and not immersed), as the liquid level 
changes, is to introduce a period chirp in the whole 
physical grating. Although the central wavelength of 
a chirped LPFG cannot be found with Eq. (17), be-
cause the parameters change along the grating, the 
equation suggests that, in certain degree, ë

i
 is pro-

portional to the average period; as a result, the ë
i
 of 

each grating must suffer a shift if its effective length 
changes. Finally, the transmission spectrum and ë

i
 of 

the two cascaded LPFGs may be calculated making 
use of the F-matrix approach [7]. 

4. Results of simulation and experiment 

A chirped LPFG, fabricated in a single-mode 
optical fiber (SMF-28), was simulated in order 
to obtain the variation of the central wavelength 
for the 4th order cladding mode. The fiber has the 
following parameters: core radius of 4.0 μm, clad-
ding average radius in the region of the grating of 
61.0 μm, and refractive index difference of 0.34 %. 
And the grating parameters are as follows: total 
length L ≈ 23.6 mm, ac cross-coupling coefficient 
κ  = 0.66 cm-1, a period which varies linearly from 
490.8 to 491.9 μm, and the grating was divided into 
M = 12 sections. A schematic diagram of the con-
figuration of the liquid level sensor is illustrated in 
Fig. 1, the grating was placed in a liquid container 
with its end of minimum period (490.8 μm) as the 
point of h = 0 mm, a broad band light source was 
coupled to one end of the fiber and an optical spec-
trum analyzer to the other end. 

The transmission spectra of this liquid level sen-
sor were calculated for different level values of a 
liquid with a refractive index of n

liq
 = 1.454 (refrac-

tive index difference n
liq

 — n
2
 ≈ 0.009) and they are 

shown in Fig. 2. This figure presents the calculated 
transmission spectra and shows that not only the 
minimum transmission value and the width, but 
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also the central wavelength of the attenuation band 
change. On one hand, the changes in the minimum 
transmission value and width are mainly due to the 
decreasing effective length of the LPFG region sur-
rounded by air as the liquid level increases, in this 
case the effect of the grating region under the in-
fluence of n

liq
 is rather weaker compared to the ef-

fect of the other grating region. On the other hand, 
the reason why the central wavelength shifts is the 
change in the average period of the LPFG region 
which remains in air as the liquid level increases. 

 

Fig. 1. Configuration of the liquid level sensor: optical 
source (1), optical fiber (2), chirped LPFG (3), liquid 
container (4), and optical spectrum analyzer (5). 

 

Fig. 2. Transmission spectra of the chirped LPFG 
calculated for different level values h. 

An LPFG, with the parameters mentioned 
above, was fabricated using the point-by-point tech-
nique and by heating the optical fiber with a focused 
beam of a CO

2
 laser, in a similar manner as the one 

described and employed in [8]. Then, the grating 
was placed as indicated in Fig. 1 and the transmis-
sion spectra was measured with an optical spectrum 
analyzer for the same index difference n

liq
 — n

2
 and 

the same liquid level values of the simulation de-
scribed above. The results are shown in Fig. 3. It can 
be observed that the behavior of the practical level 
sensor coincides with the behavior predicted by the 
simulation, there is a change in the minimum trans-
mission value, width, and central wavelength of the 
attenuation band as the liquid level is increased. 

 

Fig. 3. Transmission spectra of the chirped LPFG 
measured for different level values h. 

The variation of ë
i
 for this liquid level sensor was 

obtained theoretically and experimentally, and it is 
illustrated in Fig. 4 (ë

i
 corresponds to the minimum 

value of the transmission spectra). The shape of the 
calculated function ë

i
(h) coincides with the experi-

mental data: for low liquid level h ≤ 4 mm and high 
liquid level h ≥ 16 mm the slope takes a small value, 
it increases within the interval of h from 4 to 16 mm. 
Also, it can be noticed that the interval of linear-
ity is for 4 ≤ h ≤ 16 mm, in which the slope has an 
approximate value of 0.05 nm/mm. On the other 
hand, we believe that the discrepancies between the 
calculated and experimental results arise from cer-
tain lack of precision in the value of κ , since the 
technology employed to fabricate the grating is not 
optimal at the moment. 
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Fig. 4. Theoretical and experimental data of the central 
wavelength ë

i
, as function of the liquid level h. 

5. Conclusions 

The more general model for LPFGs presented 
in this work is useful for calculating the transmis-
sion spectrum and the central wavelength of non-
uniform gratings under the influence of an external 
medium with refractive index lower and higher than 
the fiber cladding index, this model is simple and 
takes advantage of some approximations valid for 
hollow or leaky waveguides. In addition, the intro-
duced liquid level sensor, based on a non-uniform 
(chirped) LPFG, changes its central wavelength 
as the liquid level increases, showing a reasonable 
range of linearity. 
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