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Abstract 

SENSING THE ELECTRIC AND MAGNETIC MOMENTS 

OF A NUCLEUS IN THE N-LIKE ION OF 83
209 Bi  

O. Yu. Khetselius, E. P. Gurnitskaya 

It has been carried out sensing and estimating the magnetic and electric moments of nucleus in 
the N-like 83

203 76Bi +  ion on the basis of gauge-invariant QED perturbation theory calculation with an 
account of correlation, nuclear and QED effects. 
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Àíîòàö³ÿ 

ÄÅÒÅÊÒÓÂÀÍÍß ÅËÅÊÒÐÈ×ÍÎÃÎ ² ÌÀÃÍ²ÒÍÎÃÎ ÌÎÌÅÍÒ²Â ßÄÐÀ 

Â N-ÏÎÄ²ÁÍÎÌÓ ²ÎÍ² 83
209 Bi  

Î. Þ. Õåöåëiyñ, Î. Ï. Ãóðíèöüêà 

Âèêîíàíî äåòåêòóâàííÿ òà îö³íêó åëåêòðè÷íîãî òà ìàãí³òíîãî ìîìåíò³â ÿäðà ó N-ïîä³á-
íîìó 83

203 76Bi +  ³îí³ íà ï³äñòàâ³ êàë³áðîâî÷íî-³íâàð³àíòíî¿ ÊÅÄ òåîð³¿ çáóðåíü ç óðàõóâàííÿì 
êîðåëÿö³éíèõ, ÿäåðíèõ òà ÊÅÄ åôåêò³â. 

Êëþ÷îâ³ ñëîâà: îö³íêà, ÿäåðíèé åëåêòðè÷íèé ³ ìàãí³òíèé ìîìåíòè, â³ñìóò 

Àííîòàöèÿ 

ÄÅÒÅÊÒÐÎÂÀÍÈÅ ÝËÅÊÒÐÈ×ÅÑÊÎÃÎ È ÌÀÃÍÈÒÍÎÃÎ ÌÎÌÅÍÒÎÂ ßÄÐÀ 

Â N-ÏÎÄÎÁÍÎÌ ÈÎÍÅ 83
209 Bi  

Î. Þ. Õåöåëèyñ, Å. Ï. Ãóðíèöêàÿ 

Âûïîëíåíî äåòåêòèðîâàíèå è îöåíêà ýëåêòðè÷åñêîãî è ìàãíèòíîãî ìîìåíòîâ ÿäðà â N-
ïîäîáíîì 83

203 76Bi +  èîíå íà îñíîâå êàëèáðîâî÷íî-èíâàðèàíòíîé ÊÝÄ òåîðèè âîçìóùåíèé ñ 
ó÷åòîì êîððåëÿöèîííûõ, ÿäåðíûõ è ÊÝÄ ýôôåêòîâ. 

Êëþ÷åâûå ñëîâà: îöåíêà, ÿäåðíûé ýëåêòðè÷åñêèé è ìàãíèòíûé ìîìåíòû, âèñìóò 

In last years a sensing the hyperfine structure 
(HFS) parameters and nuclear quadrupole mo-
ments for different heavy elements attracts a great 
interest (e.g.[1-16]). It is provided by necessity of 

further developing the modern as atomic and as nu-
clear theories. From the other side, a great progress 
in experiments has been achieved [1-4]. Recent ac-
curate measurements of the HFS of highly charged 
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ions and in particular, of the HFS for the ground 
state of the 83

203 82Bi +  [4] not only provide the pos-
sibility for testing the quantum electrodynamics 
(QED) in strong fields, but also sensing the electric 
charge and magnetic moment distributions inside 
the nucleus [1-11]. Theoretical calculations fulfilled 
during the last several years apart from the basis 
Fermi-Breit relativistic contributions also include 
the magnetic dipole moment distribution inside 
the nucleus (Bohr-Weisskopf effect) and radiative 
QED corrections (e.g. [1-5,13,18,19,21]). These 
corrections are calculated in the “external field” 
approximation, where the nucleus is considered as 
a source of an external filed for the electron.[15]. 
In calculations of the heavy ions the well known 
multi-configuration (MC) Dirac-Fock (DF) ap-
proach is widely used (e.g.[1,2,5]). It provides the 
most reliable version of calculation for atomic sys-
tems. More effective method, based on the QED 
perturbation theory (PT), has been developed in the 
series of papers [7-22]. The further improvement 
of this method is connected with using the gauge 
invariant procedures of generating relativistic or-
bitals basis’s and more correct treating the nuclear 
and radiative QED effects. In paper by Labzowsky 
et al [5] the dynamical proton model of the HFS 
of ground state in the 83

203 82Bi +  is used. It takes into 
account explicitly the motion of the outer proton 
inside the 83

203 82Bi +  nucleus by means of the Wood-
Saxon potential. The starting point for evaluating 
the interelectron interaction corrections is the local 
DF version. Two advantages of the model should be 
noted: i). using standard QED rules for calculating 
radiative corrections; ii). automatical account for 
magnetic moment and electric charge distribution 
inside the nucleus. 

From experimental point of view the H-like ion 

83
203 82Bi +  is not the ideal candidate for the measure-
ment the HFS parameters since the lifetime broad-
ening of the excited state 2p

3/2
 (~100eV) is appar-

ently much larger than the HFS splitting (~5⋅10-2eV) 
[5]. The situation looks more attractable for the ex-
cited 1s22p

3/2
 state of the Li-like 83

203 82Bi +  ion, since 
here the trasnsition energy to the ground 1s22s

1/2
 

state is more than one order of magnitude smaller 
and therefore the transition probability (width) is of 
the order of 0,1 eV. Moe favourable situation oc-
curs gfor boron-like and nitrogen-like 83

203 82Bi +  ions. 
In the last case the 2p

3/2
 state should be the ground 

state. Regarding value of the electric quadrupole 
moment Q for the 83

203 82Bi +  nucleus one should men-
tion that a new independent Q( 83

203 82Bi + ) definition 

from experiments with highly charged ions would 
still desirable [5]. An accurate determination of Q(

83
203 82Bi + ) from the HFS studying for neutral 83

203 Bi  
of –0,516(15)(10-28m2) has been adopted as te new 
‘2001’ standard value, but it should be confirmed. 
The previous values ranged from –0,370(26) to 
–0,77(1)(10-28m2) (e.g.[4,5]). Of them the pionic 
value of –0,516(15)(10-28m2) was choosen for the 
previous “1992’ set of moments [4]. 

In this paper we carried out sensing and estimat-
ing the nuclear electric and magnetic moments of 
a nucleus in the N-like ion of 83

203 Bi  on the basis of 
gauge-invariant QED perturbation theory with an 
account of correlation (interelectron interaction 
corrections), nuclear and QED effects. In refs. [8-
10,18-22] it has been developed a new ab initio ap-
proach to calculating spectra of heavy systems with 
account of relativistic, correlation effects, based on 
the QED qauge-invariant perturbation theory and 
new effective procedures for accounting the nuclear 
and radiative corrections in the hyperfine structure 
calculation. 

Let us describe in brief the important moments of 
the calculation procedure.. Full details of the whole 
method and corresponding numerical procedure of 
calculation of the different characteristics, includ-
ing the HFS constants and nuclear moments, can 
be found in [8-10,18,19]. The wave electron func-
tions zeroth basis is found from the Dirac equation 
solution with potential, which includes the core ab 
initio potential, electric, polarization potentials of 
nucleus (the gaussian form for charge distribution 
in the nucleus is used). All correlation corrections 
of the second and high orders of perturbation theory 
(electrons screening, particle-hole interaction etc.) 
are accounted for [6,7]. We set the charge distribu-
tion in the nucleus by the Gaussian function: 

 
ρ γ π γr R r( )= ( ) −( )4 3 2 2exp

 

 
drr r R drr r R R2

0

3

0

1ρ ρ( )= ( )=
∞ ∞

∫ ∫;
 

Here γ π= 4 2R ; R is an effective nucleus ra-
dius, for which the standard Z-dependence is ac-
cepted [18]. Such definition of an effective nuclear 
radius is to be suitable at least as some zeroth ap-
proximation. Our approach allows to calculate the 
derivatives on R for characteristics which describe 
interaction of a nucleus with the external electrons. 
Then it is possible to make the redistribution of re-
sults when a radius R is varied within the physically 
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reasonable limits. As it has been shown in many 
papers (e.g. papers [1-5,7,11] and refs there), the 
models with the Fermi and Gauss charge distribu-
tion in a nucleus are most widespread and more 
correct in comparison with the model of homoge-
neous ball charge distribution. For example, let us 
mention that a difference in values of the spectra 
levels energies is about several cm-1 [18,19]. At the 
same time the most advanced model must be based 
on the direct solving of the corresponding nuclear 
task.. As example, one could mention different 
versions of the shell model with the Woods-Saxon-
type and spin-orbit potentials (e.g. refs.[20,21]). We 
have used the model [20]. The proton wavefunc-
tions employed in the numerical calculation are the 
solutions of the Dirac equation with the potential 
[20] as follows: 

 V f l j V r− ⋅ ⋅ ′25 ( , ) /  

with potential V as: 

 

V a r r R R r R R r R0
4 3

1 2
2

1 2 24 3 2

0

− − + + <[ / ( ) / / ],.....

,.......................................................................r > RR2  

The advantages of the chosen potential in 
comparison with the well known Woods-Saxon 
potential given in [20]. Parameters are defined from 
the fitting condition for calculated and theoretical 
energies of the ground and first excited states (see 
[20]). 

Let us suppose that the point-like nucleus 
posseses by some central potential W(R). The 
transition to potential of the finite nucleus is realized 
by substituition W(r) on 

 

W r R W r dr r r R

dr r W r r R

r

r
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In our case the Coulomb potential for spherically 

symmetric density ρ r R( ) is: 

 
V r R r dr r r R dr r r Rnucl
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This potential is calculated from solving the 
following system of differential equations: 
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with the corresponding boundary conditions. Fur-
ther one can write the Dirac-Fock -like equations 
for a multi-electron system {core-nlj}. Formally 
they fall into one-electron Dirac equations for the 
orbitals nlj : 

 

∂
∂

+ +( ) − + −( ) =
F

r

F

r
m V G1 0χ ε

 

 

∂
∂

+ −( ) + − −( ) =
G

r

G

r
m V F1 0χ ε

 

with large and small components F,G and potential: 
V(r)=2V(r|core)+V(r|nlj)+V

ex
+V(r|R). 

and χ is the Dirac quantum number. The potential 
V(r) includes the electrical and polarization poten-
tials of the nucleus. The part Vex  accounts for ex-
change inter-electron interaction. The exchange ef-
fects are accounted for in the first two PT orders by 
the total inter-electron interaction [6,7]. The core 
electron density is defined by iteration algorithm 
within gauge invariant QED procedure [12]. The 
radiative QED (the self-energy part of the Lamb 
shift and the vacuum polarization contribtuion) are 
accounted for within the QED formalism [8,18]. 
The interelectron interaction corrections contribu-
tion ( derivative terms indicated by primes and aris-
ing due to the energy dependence of the effective 
interelectron potentials on energies [5]) is defined 
by experession: 
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where 

 δE=E
v
-E

a
, 
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The matrix elements V
ij
 are defined by 

 
V ip

r
jpij

p e

ep

=< >| |

G G
α α

 
or 

 
V ip

r
jpij

ep

=< >| |
1

 

where |p> is the proton wavefunction. The symbol v 
refers to the 2p

3/2
 valence state. The summation over 

i is extended over the entire Dirac spectrum and the 
indices a,b run over the core electrons. The sum on 
w runs over magnetic substates of the state 2p

3/2
. The 

value E
i
 denotes the one-electron Dirac energies. 

The magnetic dipole and octupole interactions cor-
respond to the first and the third terms of the partial-
wave expension for the first matrix element while 
the electric quadrupole interaction corresponds to 
the second term of the partial-wave expansion for 
the second matrix element. As for matrix elements 
δU

ij
 they are defined as: δ δU i U jij =< >| | , where 

δU is the difference between the pure Coulomb 
potential and the arbitrary starting potential. In 
ref. [5] two options have been used: pure Coulomb 
potential of the nucleus (noninteracting electrons) 
and the local approximation to the DF potential. 
We have used the pure Coulomb potential and ab 
initio effective potential by Ivanov-Ivanova [6,7]. 
The HFS constants are defined by the radial inte-
grals (c.f.[8,18]): 

 A={[(4,32587)10-4Z2χg
I
]/(4χ2-1)}×  

 × drr F r G r U r R2 2

0

1( ) ( ) ( / , ),
∞

∫  

 B={7.2878 10-7 Z3Q/[(4χ2-1)I(I-1)} ×  

 × drr F r G r U r R2 2 2 2

0

1[ ( ) ( ) ( / , ),+
∞

∫ , 

Here I is a spin of nucleus, g
I
 is the Lande factor, 

Q is a quadruple momentum of nucleus; radial in-
tegrals are calculated in the Coulomb units (=3,57 
1020Z2m-2; = 6,174 1030Z3m-3). Radial parts F and G 
of two components of the Dirac function for elec-
tron, which moves in the potential V(r,R)+U(r,R), 

are defined by solution of the Dirac equations (per-
turbation theory zeroth order). The electric quad-
rupole spectroscopic HFS constant B of an atomic 
state related to the electric field gradient q and to 
the electric quadrupole moment eQ of the nucleus 
in the following way: B=eqQ/h. So, in order to ob-
tain the corresponding value of Q it is necessary to 
combine the HFS constants data with the electric 
field gradient obtained from the QED perturbation 
theory formalism calculations in our approach. 

We carried out the calculation of the nuclear 
electric and magnetic moments of the of 83

209 Bi  
nucleus in the N-like ion. In table 1 we present 
the results for magnetic dipole moment μ, electric 
quadrupole moment Q and octupole magnetic mo-
ment P together with data, obtained in the QED 
DF approximation and available experimental re-
sults [4,5]. 

Table 1 
The magnetic dipole moment μ, the electric quadrupole 
moment Q and the octupole magnetic moment P for the 

83
209 Bi  nucleus 

Moments Experiment
Theory [5]: 

DF 
Present 

μ/μ
N
 

Q (10-24cm2) 
P/

N
 (10-24cm2) 

4,1106(2) 
–0,516(15) 

–

3,98348 
–0,27748 
5,36963

4,07137 
–0,40382 
5,47013

Let us remind that the key quantitative factor 
of agreement between theory and experiment is 
connected with the correct accounting for the in-
terelectron correlations, finite size niclear, Breit 
and QED radiative corrections [1-5,8,18-22]. The 
well-known MCDF [1,2] method is not gauge-in-
variant one and an accounting of multi-particle in-
terelectron correlations is not fully fulfilled, though 
in ref. [5] it has been used the gauge-invariant local 
DF version. From the other side, the contribution 
of the nuclear core-polarization effects caused by 
the valence proton and also the high order QED 
corrections can correspond the difference between 
theory and experiment for the electric quadrupole 
moment. In a case of the magnetic moments this 
inaccuracy is essentially compensated by another 
one namely the neglect of the anomalous magnetic 
moment within nuclear dynamical proton model.In 
conclusion let us underline that we have carried out 
sensing and estimating the nuclear magnetic and 
electric moments of the 83

209 Bi  within the gauge-in-
variant QED PT with an account of the relativistic 
and correlation effects and reached sufficiently high 
accuracy. 
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