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ENERGY APPROACH TO COLLISIONAL IONIZATION OF THE RYDBERG ATOMS:
QUANTUM DEFECT APPROXIMATION

T. N. Zelentsova, Yu. M. Lopatkin, L. V. Nikola, T. B. Tkach, S. S. Seredenko
Abstract. Within the energy approach (S-matrix formalism) it is presented a new approach to collisional ionization of the Rydberg atoms in the quantum defect approximation. The Rydberg systems
theory is a basis for creation of new class of the atomic sensors.
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ÅÍÅÐÃÅÒÈ×ÍÈÉ Ï²ÄÕ²Ä ÄÎ ÎÏÈÑÓ ²ÎÍ²ÇÀÖ²¯ ÇÀ ÐÀÕÓÍÎÊ Ç²ÒÊÍÅÍÜ
Ð²ÄÁÅÐÃ²ÂÑÜÊÈÕ ÀÒÎÌ²Â: ÍÀÁËÈÆÅÍÍß ÊÂÀÍÒÎÂÎÃÎ ÄÅÔÅÊÒÓ
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Àíîòàö³ÿ. Â ìåæàõ åíåðãåòè÷íîãî ï³äõîäó (S-ìàòðè÷íèé ôîðìàë³çì) çàïðîïîíîâàíèé íîâèé ï³äõ³ä äî îïèñó ³îí³çàö³¿ ð³äáåðã³âñüêèõ àòîì³â çà ðàõóíîê ç³òêíåíü ó íàáëèæåíí³ êâàíòîâîãî äåôåêòó. Òåîð³ÿ ð³äáåðã³âñüêèõ ñèñòåì º áàçîþ äëÿ ñòâîðåííÿ â³äïîâ³äíèõ àòîìíèõ
ñåíñîð³â íîâîãî êëàñó.
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1. Introduction
The modern quantum theory of atomic systems
can be considered as a fundamental basis for treating a wide cycle of phenomena, including the excitation, photoionization, radiation and autoionization decay etc. [1-21]. In the last years a great
success has been achieved in the applied atomic
physics, laser physics, atomic sensors electronics. One could mention very perspective papers
devoting to engineering so called Rydberg atoms
with different mechanisms of ionization processes
[5-9]. New schemes of the different atomic sensor
devices are proposed. One could mention here so
called atomic watches etc [1]. Naturally, for more
than 80 years, the theory of collisional ionization
was developing and considering mainly the ground
states and lowest excited states in usual neutral atoms, beginning from the hydrogen one. But a great
progress in experimental laser physics and appearance of the so called tunable lasers allow to get the
highly excited Rydberg states of atoms. In fact this
is a beginning of a new epoch in the atomic physics regarding the Rydberg atoms [1-9]. The experiments with Rydberg atoms had very soon resulted
in the discovery of an important ionization mechanism, provided by unique features of the Rydberg
atoms. Relatively new topic of the modern theory
is connected with consistent treating the electroncollisional ionization of the Rydberg atoms [1].
From the theoretical point of view, the low energy electron collisions could essentially affect on
the Rydberg states in atoms. Its role was estimated
theoretically and observed in the tunable lasers experiments (look for example, [1-3]). The account
for fast redistribution of the atomic levels’ population, excitation and further and ionization caused
by the collisions is of a great importance for successfully handling atoms in their Rydberg states. In
the last years there is appearing a sufficiently great
number of papers devoted to the collisional ionization of the Rydberg atoms within the on-relativistic
and relativistic approaches (look refs. [1-20]). Usually the standard methods of atomic physics, including the Hartree-Fock, Dirac-Fock, different
model potential schemes, R-matrix and energy approaches etc [1-4] were used in order to define the
electron-collisional ionization characteristics of
neutral and even Rydberg atoms. In our opinion the
significant advantage of the simple model potential
and quantum defect approached (non-relativistic
schemes) in comparison with other methods and,
particularly, other model potentials is the possibility
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of presenting analytically, in terms of the hypergeometric functions, the quantitative characteristics
for arbitrarily high orders, related to both bound–
bound and bound–free transitions. From the other
side, the heavy Rydberg atomic systems and corresponding collisional phenomena should be considered within strictly relativistic theory. Here we
present new combined quantum defect method and
energy approach to definition of the electron-collisional excitation and ionization characteristics of
the Rydberg atoms. The important feature of new
theory is implementation of the quantum defect
approximation to the S-matrix energy formalism.
This provides sufficiently correct and simultaneously simplified numerical procedure to definition
of the corresponding collisional ionization properties. Naturally, the similar information is of a great
importance for carrying out the new schemes of different atomic sensor devices
2. Collisional ionization of the Rydberg atoms:
Energy approach
As starting basis for formulation of a new approach to collisional ionization of the Rydberg atoms we use an energy approach [4,11-14], which
is based on the S-matrix formalism and relativistic
many-body perturbation theory. As in refs. [13,14],
for definiteness, we consider the highly excited Rydberg states 1s22s22p5nl (n>>3) of the Ne-like ion,
which can be treated as two-quasi-particle (2QP)
states. It is usually accepted, as the bare potential,
a potential including the electric nuclear potential
VN and some parameterized potential VC, that imitates the interaction of closed-shell electrons with
quasi-particles. The parameters of the model bare
potential are chosen so as to generate accurate eigen-energies of all one-quasi-particle (1QP) states,
i.e. 2s2p6, 2s22p5 states of the F-like ion and 2s22p6nl
states of Na-like ions, with the same nucleus. Usually the experimental one-quasi-particle energies
are used for determination of parameters of the
model potential (look refs. [4,10,11]). Naturally
(look below) the quantum defect approximation is
very effective here as it provides the hydrogen-like
approximation for the corresponding wave functions.
Further we briefly discuss the energy approach
in scattering theory [11,12] and give main formulas. We briefly outline the main idea using, as an
example, the collisional de-excitation of the Rydberg Ne-like ion: ((2jiv)-13jie[JiMi], εin)→(Φo,εsc).
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Here Φo is the state of the ion with closed shells
(ground state of the Ne-like ion); Ji is the total
angular moment of the initial target state; indices
iv, ie are related to the initial states of vacancy and
electron; indices εin and εsc are the incident and
scattered energies, respectively to the incident and
scattered electrons. It is convenient to use the second quantization representation. In particular, the
initial state of the system “atom plus free electron”
can be written as
| I >= ain+

∑

miv , mie

aie+ aiv Φ o CmJiei ,,Mmiiv .

(1)

Here CmJiei ,,Mmiiv is the Clebsh-Gordan coefficient.
Final state is: | F >= asc+ Φ o , where Φ o is the state
of an ion with closed electron shells (ground state
of Ne-like ion), |I> represents three-quasiparticle
(3QP) state , and |F> represents the one-quasiparticle (1QP) state. For the state (1) the scattered part
of energy shift Im ΔE appears first in the PT second
order in the form of integral over the scattered electron energy εsc :

∫ dε

sc

G (εiv , εie , εin , ε sc ) /(ε sc − ε iv − ε ie − ε in − i 0) , (2)

with
ImΔE=π G (εiv , εie , εin , ε sc ) .

(3)

Here G is a definite squired combination of the
two-electron matrix elements (2). The value σ=-2
ImΔE represents the collisional cross-section if the
incident electron eigen-function is normalized by
the unit flow condition and the scattered electron
eigen-function is normalized by the energy δ function. The collisional strength Ω( I → F ) is connected with the collisional cross section σ by expression
(c.f. [4,14]):
σ( I → F ) =
= Ω( I → F ) ⋅ π / {(2 J i + 1)εin [(αZ ) 2 εin + 2]} . (4)
Here and below the Coulomb units are used; 1
C.u. ≈27,054Z2 eV, for energy; 1 C.u.≈0,529⋅10-8/Z
cm, for length; 1 C.u. ≈2,419⋅10-17/Z2 sec for time.
The collisional de-excitation cross section is:
σ( IK → 0) = 2π ∑ [(2 jsc + 1) ×
jin , jsc

×{ ∑ < 0 | jin , jsc | jie , jiv , J i > B

⎤
} ⎥.
⎥⎦

IK 2
ie ,iv

jie , jiv

< 0 | jin , jsc | jie , jiv , J i >=
= (2 jie + 1)(2 jiv + 1)(−1) jie +1/ 2 × ∑ (−1)λ+ Ji ×
λ

×{δλ , Ji / (2 J i + 1)Qλ ( sc, ie; iv, in) +
⎡ jin ... jsc ...J i ⎤
+⎢
⎥ Qλ (ie; in; iv, sc)}.
⎣ jie ... jiv .....λ ⎦

In (6) values QλQul and QλBr are defined in ref.
[4]. For the collisional excitations from ground
state (inverse process) one must consider ain+ Φ 0 as
the initial state and
| F >= asc+

∑

m fe , m fv

Here BieIK,iv is a real matrix of eigen-vectors coefficients, which is obtained after diagonalization of
the secular energy matrix. The amplitude like combination in (8) has the following form:

J ,M
a +fe a fv Φ o C m fef , m fvf

(7)

as a final state. The cross-section is as follows:
σ(0 → IF ) = 2π(2 J f + 1) ∑ (2 jsc + 1) ⋅
jin , jsc

2
⋅{ ∑ B FK
fe , fv < j fe , j fv J f | jin , jsc | 0 >} .

(8)

j fe , j fv

The different normalization conditions are used
for the incident and for the scattered electron wave
functions. Upon the normalization multipliers one
gets symmetrical expressions for the excitation and
de-excitation, saving the weight multiplier (2Jf+1)
in (11). The expression for the cross-section of the
collisional excited-excited IK-IF transition can be
found in [13]. To calculate the corresponding parameters, one should use the relativistic expressions
for quantum defect approximation wave functions.
As it was indicated, the heavy Rydberg atomic systems should be considered within strictly relativistic
theory.
3. Quantum defect approximation for Rydberg
atoms
As an energy approach provides an effective
scheme for calculation the collisional ionization
cross-sections [11-13], the important question here
is implementation of the relativistic quantum defect
approximation to the cited scheme. The general expression for the wave function can be presented in a
standard form as follows:
Ψ (ΓPJM ) =

(5)

(6)

NCF

∑ c Φ(γ PJM ) ,
r

r

(9)

r

which should be received from the self-consistent
solutions of the Dirac type quantum-defect equations. Configuration mixing coefficients cr are usually obtained through diagonalization of the DiracCoulomb Hamiltonian, which is chosen by us in
the following form [4]:
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HDC=Σi [cαi pi + (βi–1)c2 – V(r|nlj)] +
+ Σi>j exp(iωrij)(1-α1α2)/rij ,

(10)

where αi,,β are the Dirac matrices. The potential in HDC contains the electrical potential of a
nucleus, the electron self-consistent potential
and the potential of exchange inter-electron interaction. In the quantum defect approximation
the one-particle wave functions are found from
solution of the relativistic Dirac equation, which
can be written in the central field in a two-component form:
∂F
F
+ (1 + χ ) − (ε + m − v )G = 0 ,
∂r
r
∂G
G
(11)
+ (1 − χ ) + (ε − m − v )F = 0 .
∂r
r
Here we put the fine structure constant α =1 .
The moment number
⎧− (1 + 1), j > 1
.
χ=⎨
⎩ 1, j < 1
To prevent the integration step becoming too small
it is convenient to turn to new functions isolating
the main power dependence: f = Fr1− χ , g = Gr1− χ .
The Dirac equation for F and G components are
transformed as:
f ′ = − (χ + χ ) f r − αZVg − (αZEnχ + 2 αZ )g , (12)
g ' == (χ − χ )g r − αZVf + αZEnχ f .
Here the Coulomb units (C.u.) are used; Enχ is
one-electron energy without the rest energy.
In the quantum defect approximation to describe a spectrum of the Rydberg atom it is usually
used the simple formula:
Ealk = −

1
1
=−
, n∈ N ,
2
2
2neff
2 (n − δl )

(13)

where neff — effective quantum number, δl — quantum defect, which is dependent upon the orbital
quantum number. Usually to reach a high accuracy
in definition of the quantum defect it is used an expansion (the known Ritzs formula):
M

δl = δl(0) + ∑ δil E i .

(14)

i =1

From the physical point of view, for the bound
states a quantum defect defines an effect of the nonCoulomb part of the atomic potential. For the scattering states a role of the quantum defect belongs to
the asymptotic phase shift τ. According to the Siton
18

theorem , a link between phase shift and quantum
defect is given by [1]:
τ = δl ⋅π .

(15)

Further it is non-difficult to present the Dirac
equations (11) or (12) in the quantum defect approximation. Really, in this case the potential Vat=1/r for r>r0>0 (r0 is a radius of the atomic core, for
example in the F-,Ne-,Na-like ions). Naturally for
the bound states the corresponding components,
for example, F(r )→0 under r→∝. For large values
of r the corresponding functions are satisfying to the
asymptotics as follows:
f ( E , l , r ) → u (m.l.r )sin(πm) − v(m, l , r )eiπm ,

(16a)

g ( E , l , r ) → −u (m.l.r )sin(πm) +
+ v(m, l , r )eiπ ( m +1/ 2) ,

(16b)

where u,v are respectively exponentially increasing
and decreasing functions. Naturally to get asymptotically exponentially decreasing function a multiplier u in (16) must reach to zero, i.e. it is correct
a condition:
sin(τ + πm) = sin(τ + π −1 / 2 E ) = 0 .

(17)

Finally for the bound state, the correctly normalized solution is as follows:
F l , Ealk (r ) = cos (πδl )sl (Ealk , r ) +
+ sin (πδl )cl (Ealk , r ),

(18)

where Ealk=E and the functions sl , cl represent the
normalized (on energy) regular and non-regular
Coulomb functions. Further using the quantum
defect approximation functions in the energy approach scheme to calculating the electron-collisional ionization of the Rydberg atoms is the same
as in the initial version of the method [4] (see also
[21]).
4. Conclusions
So, we have presented a new combined quantum
defect method and energy approach to definition
of the electron-collisional excitation and ionization characteristics of the Rydberg atoms. The important feature of new theory is implementation of
the quantum defect approximation to the S-matrix
energy formalism. This provides sufficiently correct
and simultaneously simplified numerical procedure
to definition of the corresponding collisional ionization properties and thus it is represented significantly more advantagable in comparison with the
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standard Hartree-Fock approximation approach
and even Dirac-Fock method when the latter is
used in the Rydberg atoms calculations. This circumstance is to be very important because of a
great necessity the corresponding data about the
electron-collisional parameters of the Rydberg atoms under creation and construction of new classes
of the Rydberg-atomic sensors. In conclusion the
authors would like to thank Professors V.D.Rusov,
A.V.Glushkov, V.N.Vysotsky and V.N. Pavlovich for
useful comments.
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