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Abstract. Within the energy approach (S-matrix formalism) it is presented a new approach to col-
lisional ionization of the Rydberg atoms in the quantum defect approximation. The Rydberg systems 
theory is a basis for creation of new class of the atomic sensors. 
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1. Introduction 

The modern quantum theory of atomic systems 
can be considered as a fundamental basis for treat-
ing a wide cycle of phenomena, including the ex-
citation, photoionization, radiation and autoion-
ization decay etc. [1-21]. In the last years a great 
success has been achieved in the applied atomic 
physics, laser physics, atomic sensors electron-
ics. One could mention very perspective papers 
devoting to engineering so called Rydberg atoms 
with different mechanisms of ionization processes 
[5-9]. New schemes of the different atomic sensor 
devices are proposed. One could mention here so 
called atomic watches etc [1]. Naturally, for more 
than 80 years, the theory of collisional ionization 
was developing and considering mainly the ground 
states and lowest excited states in usual neutral at-
oms, beginning from the hydrogen one. But a great 
progress in experimental laser physics and appear-
ance of the so called tunable lasers allow to get the 
highly excited Rydberg states of atoms. In fact this 
is a beginning of a new epoch in the atomic phys-
ics regarding the Rydberg atoms [1-9]. The experi-
ments with Rydberg atoms had very soon resulted 
in the discovery of an important ionization mecha-
nism, provided by unique features of the Rydberg 
atoms. Relatively new topic of the modern theory 
is connected with consistent treating the electron-
collisional ionization of the Rydberg atoms [1]. 
From the theoretical point of view, the low en-
ergy electron collisions could essentially affect on 
the Rydberg states in atoms. Its role was estimated 
theoretically and observed in the tunable lasers ex-
periments (look for example, [1-3]). The account 
for fast redistribution of the atomic levels’ popula-
tion, excitation and further and ionization caused 
by the collisions is of a great importance for suc-
cessfully handling atoms in their Rydberg states. In 
the last years there is appearing a sufficiently great 
number of papers devoted to the collisional ioniza-
tion of the Rydberg atoms within the on-relativistic 
and relativistic approaches (look refs. [1-20]). Usu-
ally the standard methods of atomic physics, in-
cluding the Hartree-Fock, Dirac-Fock, different 
model potential schemes, R-matrix and energy ap-
proaches etc [1-4] were used in order to define the 
electron-collisional ionization characteristics of 
neutral and even Rydberg atoms. In our opinion the 
significant advantage of the simple model potential 
and quantum defect approached (non-relativistic 
schemes) in comparison with other methods and, 
particularly, other model potentials is the possibility 

of presenting analytically, in terms of the hypergeo-
metric functions, the quantitative characteristics 
for arbitrarily high orders, related to both bound–
bound and bound–free transitions. From the other 
side, the heavy Rydberg atomic systems and cor-
responding collisional phenomena should be con-
sidered within strictly relativistic theory. Here we 
present new combined quantum defect method and 
energy approach to definition of the electron-col-
lisional excitation and ionization characteristics of 
the Rydberg atoms. The important feature of new 
theory is implementation of the quantum defect 
approximation to the S-matrix energy formalism. 
This provides sufficiently correct and simultane-
ously simplified numerical procedure to definition 
of the corresponding collisional ionization proper-
ties. Naturally, the similar information is of a great 
importance for carrying out the new schemes of dif-
ferent atomic sensor devices 

2. Collisional ionization of the Rydberg atoms: 
Energy approach 

As starting basis for formulation of a new ap-
proach to collisional ionization of the Rydberg at-
oms we use an energy approach [4,11-14], which 
is based on the S-matrix formalism and relativistic 
many-body perturbation theory. As in refs. [13,14], 
for definiteness, we consider the highly excited Ry-
dberg states 1s22s22p5nl (n>>3) of the Ne-like ion, 
which can be treated as two-quasi-particle (2QP) 
states. It is usually accepted, as the bare potential, 
a potential including the electric nuclear potential 
V

N
 and some parameterized potential V

C
, that imi-

tates the interaction of closed-shell electrons with 
quasi-particles. The parameters of the model bare 
potential are chosen so as to generate accurate ei-
gen-energies of all one-quasi-particle (1QP) states, 
i.e. 2s2p6, 2s22p5 states of the F-like ion and 2s22p6nl 
states of Na-like ions, with the same nucleus. Usu-
ally the experimental one-quasi-particle energies 
are used for determination of parameters of the 
model potential (look refs. [4,10,11]). Naturally 
(look below) the quantum defect approximation is 
very effective here as it provides the hydrogen-like 
approximation for the corresponding wave func-
tions. 

Further we briefly discuss the energy approach 
in scattering theory [11,12] and give main formu-
las. We briefly outline the main idea using, as an 
example, the collisional de-excitation of the Ry-
dberg Ne-like ion: ((2j

iv
)-13j

ie
[J

i
M

i
], ε

in
)→(Φ

o
,ε

sc
). 



17

Here Φ
o
 is the state of the ion with closed shells 

(ground state of the Ne-like ion); J
i
 is the total 

angular moment of the initial target state; indices 
iv, ie are related to the initial states of vacancy and 
electron; indices ε

in 
and ε

sc 
are the incident and 

scattered energies, respectively to the incident and 
scattered electrons. It is convenient to use the sec-
ond quantization representation. In particular, the 
initial state of the system “atom plus free electron” 
can be written as 

 ,
,

,
| i i

ie iv

iv ie

J M
in ie iv o m m

m m
I a a a C+ +>= Φ∑ .  (1) 

Here ,
,

i i

ie iv

J M
m mC  is the Clebsh-Gordan coefficient. 

Final state is: | sc oF a+>= Φ , where oΦ  is the state 
of an ion with closed electron shells (ground state 
of Ne-like ion), |I> represents three-quasiparticle 
(3QP) state , and |F> represents the one-quasipar-
ticle (1QP) state. For the state (1) the scattered part 
of energy shift Im ΔE appears first in the PT second 
order in the form of integral over the scattered elec-
tron energy ε

sc 
: 

  ( , , , ) /( 0)sc iv ie in sc sc iv ie ind G iε ε ε ε ε ε − ε − ε − ε −∫ ,  (2) 

with 

 ImΔE=π ( , , , )iv ie in scG ε ε ε ε .  (3) 

Here G is a definite squired combination of the 
two-electron matrix elements (2). The value σ=-2 
ImΔE represents the collisional cross-section if the 
incident electron eigen-function is normalized by 
the unit flow condition and the scattered electron 
eigen-function is normalized by the energy δ func-
tion. The collisional strength ( )I FΩ →  is connect-
ed with the collisional cross section σ by expression 
(c.f. [4,14]): 

 2

( )
( ) / {(2 1) [( ) 2]}i in in

I F
I F J Z

σ → =

= Ω → ⋅π + ε α ε + .  (4) 

Here and below the Coulomb units are used; 1 
C.u. ≈27,054Z2 eV, for energy; 1 C.u.≈0,529⋅10-8/Z 
cm, for length; 1 C.u. ≈2,419⋅10-17/Z2 sec for time. 
The collisional de-excitation cross section is: 
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,

,

2
,
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Here ,
IK
ie ivB  is a real matrix of eigen-vectors coef-

ficients, which is obtained after diagonalization of 
the secular energy matrix. The amplitude like com-
bination in (8) has the following form: 

 1/2

0 | , | , ,

(2 1)(2 1)( 1) ( 1)ie i

in sc ie iv i

j J
ie iv

j j j j J

j j + λ+

λ

< >=

= + + − × − ×∑  

 

,{ / (2 1) ( , ; , )

... ...
( ; ; , )}.

... .....

iJ i

in sc i

ie iv

J Q sc ie iv in

j j J
Q ie in iv sc

j j

λ λ

λ

× δ + +

⎡ ⎤
+ ⎢ ⎥λ⎣ ⎦

  (6) 

In (6) values QulQλ  and BrQλ  are defined in ref. 
[4]. For the collisional excitations from ground 
state (inverse process) one must consider 0ina+Φ  as 
the initial state and 
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,

,
| f f

fe fv

fe fv

J M
sc fe fv o m m

m m
F a a a C+ +>= Φ∑   (7) 

as a final state. The cross-section is as follows: 

 
,

(0 ) 2 (2 1) (2 1)
in sc

f sc
j j

IF J jσ → = π + + ⋅∑  

 
,

2
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The different normalization conditions are used 
for the incident and for the scattered electron wave 
functions. Upon the normalization multipliers one 
gets symmetrical expressions for the excitation and 
de-excitation, saving the weight multiplier (2J

f
+1) 

in (11). The expression for the cross-section of the 
collisional excited-excited IK-IF transition can be 
found in [13]. To calculate the corresponding pa-
rameters, one should use the relativistic expressions 
for quantum defect approximation wave functions. 
As it was indicated, the heavy Rydberg atomic sys-
tems should be considered within strictly relativistic 
theory. 

3. Quantum defect approximation for Rydberg 
atoms 

As an energy approach provides an effective 
scheme for calculation the collisional ionization 
cross-sections [11-13], the important question here 
is implementation of the relativistic quantum defect 
approximation to the cited scheme. The general ex-
pression for the wave function can be presented in a 
standard form as follows: 

 ( ) ( )
NCF

r r
r

PJM c PJMΨ Γ = Φ γ∑ ,  (9) 

which should be received from the self-consistent 
solutions of the Dirac type quantum-defect equa-
tions. Configuration mixing coefficients c

r
 are usu-

ally obtained through diagonalization of the Dirac-
Coulomb Hamiltonian, which is chosen by us in 
the following form [4]: 
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 H
DC

=Σ
i
 [cα

i
 p

i
 + (β

i
–1)c2 – V(r|nlj)] + 

 + Σ
i>j

 exp(iωr
ij
)(1-α

1
α

2
)/r

ij 
,

 
(10) 

where α
i
,,β are the Dirac matrices. The poten-

tial in H
DC

 contains the electrical potential of a 
nucleus, the electron self-consistent potential 
and the potential of exchange inter-electron in-
teraction. In the quantum defect approximation 
the one-particle wave functions are found from 
solution of the relativistic Dirac equation, which 
can be written in the central field in a two-com-
ponent form: 

 ( ) ( )1 0F F m v G
r r

∂
+ + χ − ε + − =

∂
, 

 ( ) ( )1 0G G m v F
r r

∂
+ − χ + ε − − =

∂
.  (11) 

Here we put the fine structure constant α =1 . 
The moment number 

 
( )1 1 , 1

1, 1
j

j
⎧− + >

χ = ⎨
<⎩

. 

To prevent the integration step becoming too small 
it is convenient to turn to new functions isolating 

the main power dependence: 1 1,f Fr g Gr− χ − χ= = . 
The Dirac equation for F and G components are 
transformed as: 

( ) ( )
( )

2 ,

' .
n

n

f f r ZVg ZE Z g

g g r ZVf ZE f
χ

χ

′ = − χ + χ −α − α + α

== χ − χ −α + α

  (12) 

Here the Coulomb units (C.u.) are used; nE χ  is 
one-electron energy without the rest energy. 

In the quantum defect approximation to de-
scribe a spectrum of the Rydberg atom it is usually 
used the simple formula: 

 
( )22

1 1 ,
2 2

alk
eff l

E n N
n n

=− =− ∈
− δ

,  (13) 

where n
eff

 — effective quantum number, δ
l
 — quan-

tum defect, which is dependent upon the orbital 
quantum number. Usually to reach a high accuracy 
in definition of the quantum defect it is used an ex-
pansion (the known Ritzs formula): 

 (0)

1

M
i i

l l l
i

E
=

δ = δ + δ∑ .  (14) 

From the physical point of view, for the bound 
states a quantum defect defines an effect of the non-
Coulomb part of the atomic potential. For the scat-
tering states a role of the quantum defect belongs to 
the asymptotic phase shift τ. According to the Siton 

theorem , a link between phase shift and quantum 
defect is given by [1]: 

 lτ =δ ⋅π .  (15) 

Further it is non-difficult to present the Dirac 
equations (11) or (12) in the quantum defect ap-
proximation. Really, in this case the potential V

at
=-

1/r for r>r
0
>0 (r

0 
is a radius of the atomic core, for 

example in the F-,Ne-,Na-like ions). Naturally for 
the bound states the corresponding components, 
for example, F(r )→0 under r→∝. For large values 
of r the corresponding functions are satisfying to the 
asymptotics as follows: 

 ( , , ) ( . . )sin( ) ( , , ) i mf E l r u m l r m v m l r e π→ π − ,  (16a) 

 ( 1/2)

( , , ) ( . . )sin( )
( , , ) ,i m

g E l r u m l r m
v m l r e π +

→ − π +

+   (16b) 

where u,v are respectively exponentially increasing 
and decreasing functions. Naturally to get asymp-
totically exponentially decreasing function a mul-
tiplier u in (16) must reach to zero, i.e. it is correct 
a condition: 

 sin( ) sin( 1 / 2 ) 0m Eτ + π = τ + π − = .  (17) 

Finally for the bound state, the correctly nor-
malized solution is as follows: 

 

( ) ( ) ( )
( ) ( )

, cos ,

sin , ,
alkl E l l alk

l l alk

F r s E r

c E r

= πδ +

+ πδ   (18) 

where E
alk

=E and the functions s
l
 , c

l
 represent the 

normalized (on energy) regular and non-regular 
Coulomb functions. Further using the quantum 
defect approximation functions in the energy ap-
proach scheme to calculating the electron-colli-
sional ionization of the Rydberg atoms is the same 
as in the initial version of the method [4] (see also 
[21]). 

4. Conclusions 

So, we have presented a new combined quantum 
defect method and energy approach to definition 
of the electron-collisional excitation and ioniza-
tion characteristics of the Rydberg atoms. The im-
portant feature of new theory is implementation of 
the quantum defect approximation to the S-matrix 
energy formalism. This provides sufficiently correct 
and simultaneously simplified numerical procedure 
to definition of the corresponding collisional ion-
ization properties and thus it is represented signifi-
cantly more advantagable in comparison with the 
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standard Hartree-Fock approximation approach 
and even Dirac-Fock method when the latter is 
used in the Rydberg atoms calculations. This cir-
cumstance is to be very important because of a 
great necessity the corresponding data about the 
electron-collisional parameters of the Rydberg at-
oms under creation and construction of new classes 
of the Rydberg-atomic sensors. In conclusion the 
authors would like to thank Professors V.D.Rusov, 
A.V.Glushkov, V.N.Vysotsky and V.N. Pavlovich for 
useful comments. 

References 

1. Atoms in astrophysics, Eds. Burke P.G., Eissner 
W.B., Hummer D.G., Persival L.C. — N. — Y., Ple-
num Press. — 1984. — 340P. 

2. Amusia M.Ya., Atomic photoeffect. — N. — Y., Ple-
num Press, 1994. — 320P. 

3. Grant I. Relativistic Quantum Theory of Atoms and 
Molecules. — Oxford, 2007-650P. 

4. Glushkov A.V., Relativistic quantum theory. Quan-
tum mechanics of atomic systems. — Odessa: Astro-
print, 2008. — 900P. 

5. Cheng T. Rydberg atoms in parallel microwave and 
magnetic fields- classical dynamics/ Cheng T., Liu J., 
Chen S., Guo H. // Phys.Lett.A. — 2000. — V.265. — 
P. 384-390. 

6. Dunning F.B., Mestayer J.J., Reinhold C.O., Yoshida 
S., Burgdorfer J., Engineering atomic Rydberg states 
with pulsed electric fields// J. Phys. B: At. Mol. Opt. 
Phys. — 2009. — Vol.42. — P.022001. — 22p. 

7. Grutter M., Zehnder O., Softley T.P., Merkt F., Spec-
troscopic study and multichannel quantum defect 
theory analysis of the Stark effect in Rydberg states 
of neon// J. Phys. B: At. Mol. Opt. Phys. — 2008. — 
Vol.41. — P.115001. — 11p. 

8. Glukhov I.L., Ovsiannikov V.D., Thermal photoion-
ization of Rydberg states in helium and alkali-metal 
atoms//J. Phys. B: At. Mol. Opt. Phys. — 2009. — 
Vol.42. — P.075001. 

9. Zelentsova T.N., Lopatkin Yu.M., Perelygina T.B., 
Thermal photoionization of the Rydberg atoms by 
the blackbody radiation: New relativistic approach// 
Sensor Electr. and Microsyst. Techn. — 2009. — 
N4. — P.11-16. 

10. Ivanova E.P., Ivanov L.N., Aglitsky E.V., Modern 
Trends in Spectroscopy of multi-charged IonsPhys-
ics Rep. — 1988. — Vol.166,N6. — P.315-390. 

11. Glushkov A.V., Ivanov L.N. Radiation Decay of 
Atomic States: atomic residue and gauge non-in-
variant contributions // Phys. Lett.A. — 1992. — 
Vol.170,N1. — P.33-37. 

12. Glushkov A.V., Energy Approach to Resonance states 
of compound super-heavy nucleus and EPPP in heavy 
nucleus collisions// Low Energy Antiproton Physics. 
AIP Serie. — 2005. — Vol.796. — P.206-210. 

13. Glushkov A.V., Rusov V.D., Ambrosov S.V., Lobo-
da A.V. Resonance states of compound super-heavy 
nucleus and EPPP in heavy nucleus collisions // In: 
New projects and new lines of research in nuclear 
physics.Eds. G.Fazio, F.Hanappe, Singapore : World 
Scientific. — 2003. — P.126-132. 

14. Glushkov A.V., Ambrosov S.V., Loboda A.V., Gur-
nitskaya E.P., Prepelitsa G.P., Consistent QED ap-
proach to calculation of electron-collision excita-
tion cross-sections and strengths: Ne-like ions // 
Int. Journ.Quant.Chem. — 2005. — Vol.104, N4. — 
P. 562-569. 

15. Zelentzova T.N., Malinovskaya S.V., Dubrovskaya 
Yu.V., The atomic chemical environment effect on 
the β decay probabilities: Relativistic calculation//
Bulleten of Kiev Univ. Serie Phys. — Math. — 
2004. — ¹4 . — Ñ.427-432. 

16. Benvenuto F., Casati G., Shepelyansky D., Ryd-
berg Stabilization of atoms in strong fields: “magic” 
mountain in chaotic sea// Z.Phys.B. — 1994. — 
V.94. — P.481-486. 

17. Safronova U.I., Safronova M.S., Third-order relativ-
istic many-body calculations of energies, transition 
rates, hyperfine constants, and blackbody radiation 
shift in 171Yb+//Phys. Rev. A. — 2009. — Vol.79. — 
P.022512. 

18. Dorofeev D.L., Zon B.A., Kretinin I.Y., Chernov 
V.E., Method of the quantum defect Green’s func-
tion for calculation of dynamic atomic polarizabili-
ties// Opt. Spectr. — 2005. — Vol. 99. — P. 540-548. 

19. Badnell N.R., Calculations for electron-ion col-
lisions and photoionization processes for plasma 
modeling// J.Phys.CS. — 2007. — Vol.88. — 
P.012070-1--012070-8. 

20. Derevianko A., Porsev S.G., Dressing lines and 
vertices in calculations of matrix elements with 
the coupled-cluster method and determination of 
Cs atomic properties// Phys.Rev. A. — 2005. — 
Vol.71. — P.032509. 

21. Zelentsova T.N., Perelygina T.B., Thermal photoion-
ization of the Rydberg atoms by the blackbody radia-
tion: New relativistic approach// Sensor Electr. and 
Microsyst. Techn. — 2009. — N4. — P.5-11. 

T. N. Zelentsova, Yu. M. Lopatkin, L. V. Nikola, T. B. Tkach, S. S. Seredenko


