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Abstract. The levels energies and energy shifts are calculated for superheavy Li-like uranium and 
some kaonic and pionic atoms on the basis of the gauge-invariant QED perturbation theory (PT) 
with an account of nuclear, exchange-correlation and radiative effects. Estimating the spectra can be 
by a new tool for sensing the nuclear structure. 
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ÄÎÑË²ÄÆÅÍÍß ÐÅÍÒÃÅÍ²ÂÑÜÊÈÕ ÑÏÅÊÒÐ²Â ÊÀÎÍÍÈÕ ÒÀ Ï²ÎÍÍÈÕ ÀÒÎÌ²Â 
ßÊ ÇÀÑ²Á ÄËß ÄÅÒÅÊÒÓÂÀÍÍß ßÄÅÐÍÎ¯ ÑÒÐÓÊÒÓÐÈ 

Î. Þ. Õåöåë³óñ, Î. Â. Òþðií, Ä. ª. Ñóõàðåâ, Ò. Î. Ôëîðêî 

Àíîòàö³ÿ. Íà ï³äñòàâ³ ÊÅÄ òåîð³¿ çáóðåíü ç óðàõóâàííÿì ÿäåðíèõ, îáì³ííî-êîðåëÿö³éíèõ, 
ðåëÿòèâ³ñòñüêèõ òà ðàä³àö³éíèõ åôåêò³â ðîçðàõîâàí³ åíåðã³¿ ð³âí³â òà åíåðãåòè÷í³ çñóâè äëÿ 
âàæêîãî Li-ïîä³áíîãî óðàíó, äåÿêèõ êàîííèõ òà ï³îííèõ àòîì³â. Îö³íêà øóêàíèõ ñïåêòð³â º 
îäíèì ³ç íîâèõ çàñîá³â äåòåêòóâàííÿ ÿäåðíî¿ ñòðóêòóðè. 

Êëþ÷îâ³ ñëîâà: ÊÅÄ òåîð³ÿ çáóðåíü, âàæê³ ³îíè, êàîíí³ òà ï³îíí³ àòîìè. 

ÈÑÑËÅÄÎÂÀÍÈÅ ÐÅÍÒÃÅÍÎÂÑÊÈÕ ÑÏÅÊÒÐÎÂ ÊÀÎÍÍÛÕ È ÏÈÎÍÍÛÕ ÀÒÎÌÎÂ 
ÊÀÊ ÑÏÎÑÎÁ ÄÅÒÅÊÒÈÐÎÂÀÍÈß ßÄÅÐÍÎÉ ÑÒÐÓÊÒÓÐÛ 

Î. Þ. Õåöåëèóñ, À. Â.Òþðèí, Ä. Å. Ñóõàðåâ, Ò. À. Ôëîðêî 

Àííîòàöèÿ. Íà îñíîâå ÊÝÄ òåîðèè âîçìóùåíèé ñ ó÷åòîì ÿäåðíûõ, îáìåííî-êîððåëÿöè-
îííûõ, ðåëÿòèâèñòñêèõ è ðàäèàöèîííûõ ýôôåêòîâ ðàññ÷èòàíû ýíåðãèè óðîâíåé è ýíåðãå-
òè÷åñêèå ñäâèãè äëÿ òÿæåëîãî Li-ïîäîáíîãî óðàíà, íåêîòîðûõ êàîííûõ è ïèîííûõ àòîìîâ. 
Îöåíêà èñêîìûõ ñïåêòðîâ ÿâëÿåòñÿ îäíèì èç íîâûõ ïîäõîäîâ ê äåòåêòèðîâàíèþ ÿäåðíîé 
ñòðóêòóðû. 

Êëþ÷åâûå ñëîâà: ÊÝÄ òåîðèÿ âîçìóùåíèé, òÿæåëûå èîíû, êàîííûå è ïèîííûå àòîìû 

1. Introduction 

In last years studying the heavy elements (ions) 
and hadronic atomic systems is of a great inter-
est for further development of atomic and nuclear 
theories as well as new tools for sensing the nuclear 
structure and fundamental interactions, including 

the Standard model [1-14]. The collaborators of the 
E570 experiment [6,7] measured X-ray energy of a 
kaonic helium atom, which is an atom consisting of 
a kaon (a negatively charged heavy particle) and a 
helium nucleus. The kaonic helium X-rays were de-
tected by large-area Silicon Drift Detectors, which 
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readout system was developed by SMI (see [3,4,9]). 
The studies of the low-energy kaon-nuclear strong 
interaction with strangeness have been performed 
by measurements of the kaonic atom X-rays with 
atomic numbers Z=1-92 [1]. It is known that the 
shifts and widths due to the strong interaction can 
be systematically understood using phenomeno-
logical optical potential models. Nevertheless, one 
could mention a large discrepancy between the 
theories and experiments on the kaonic helium 
2p state. A large repulsive shift (about -40 eV) has 
been measured by three experimental groups in the 
1970’s and 80’s, while a very small shift (< 1 eV) was 
obtained by the optical models calculated from the 
kaonic atom X-ray data with Z>2 [1-6]. This signif-
icant disagreement (a difference of over 5 standard 
deviations) between the experimental results and 
the theoretical calculations is known as the “kaonic 
helium puzzle”. A possible large shift has been pre-
dicted using the model assuming the existence of 
the deeply bound kaonic nuclear states. However, 
even using this model, the large shift of 40 eV mea-
sured in the experiments cannot be explained. A re-
measurement of the shift of the kaonic helium X-
rays is one of the top priorities in the experimental 
research activities. In the theory of the kaonic and 
pionic atoms there is an important task, connected 
with a direct calculation of the radiative transition 
energies within consistent relativistic quantum me-
chanical and QED methods. The multi-configu-
ration Dirac-Fock (MCDF) approximation is the 
most reliable approarch for multi-electron systems 
with a large nuclear charge; in this approarch one- 
and two-particle relativistic effects are taken into 
account practically precisely. The next important 
step is an adequate inclusion of QED corrections. 
This topic has been a subject of intensive theoreti-
cal and experimental interest (see [12-23]). In the 
present paper an effective ab initio approach to 
relativistic calculation of the spectra for multi-elec-
tron, heavy ions with an account of the relativistic, 
correlation, nuclear, radiative effects is used in the 
relativistic quantum calculation of the heavy mul-
ticharged uranium ion and some hadronic atomic 
systems. The level energies and energy shifts for 
these systems are estimated and in whole an analysis 
of the received data can be considered as a new tool 
for sensing the nuclear structure. Our calculation 
scheme is based on gauge-invariant QED perturba-
tion theory (PT) [24-32] with an accurate account 
of the nuclear, exchange-correlation and radiative 
effects and generalized relativistic dynamical effec-

tive field nuclear model using the optimized one-
quasiparticle representation in the theory of the rel-
ativistic systems [24,28]. All correlation corrections 
of the second order and dominated classes of the 
higher orders diagrams (electrons screening, parti-
cle-hole interaction, mass operator iterations) have 
been taken into account [24,28,31-33]. The mag-
netic inter-electron interaction is considered in the 
lowest approximation (in 2α  parameter), the Lamb 
shift (LS) polarization part is described in the Ue-
hling-Serber approximation, the self-energy part of 
the LS is considered effectively within the advanced 
Ivanov-Ivanova non-perturbative procedure [24]. 

2. QED perturbation theory 

Let us describe the key moments of our ap-
proach to relativistic calculation of the spectra for 
multi-electron superheavy ions with an account of 
relativistic, correlation, nuclear, radiative effects 
(more details can be found in refs. [24-35]). One-
particle wave functions for Li-like heavy ions are 
found from solution of the relativistic Dirac equa-
tion with potential, which includes the self-con-
sistent potential, electric, polarization potentials 
of nucleus (see below). The wave functions of the 
zeroth approximation for kaonic and pionic atoms 
are found from the Klein-Gordon equation (kaonic 
atoms) [12,13]. To describe the nuclear finite size 
effect the smooth Gaussian function of the charge 
distribution in a nucleus is used. With regard to nor-
malization we have: 

 ( ) ( ) ( )3 2 24 expr R rρ = γ π −γ ,  (1) 

where 24 ,R Rγ = π  is the effective nucleus radius. 
The Coulomb potential for the spherically symmet-
ric density ρ(r) is: 

   ( ) (( ) ( ) ( )' ' 2 ' ' ' '

0

1
r

nucl
r

V r R r dr r r R dr r r R
∞

= − ρ + ρ∫ ∫ .  (2) 

It is determined by the following system of dif-
ferential equations: 

( ) ( ) ( ) ( ) ( )' 2 ' ' 2 ' 2

0

, 1 , 1 ,
r

V nucl r R r dr r r R r y r R= ρ ≡∫ , (3) 
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with the corresponding boundary conditions. Con-
sider the Li-like ion as an example. One can write 
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further the Dirac-Fock type equations for a three-
electron system 1s2nlj. Formally they fall into one-
electron DF equations for orbitals 1s,nlj with po-
tential: 

 V(r)=2V(rj1s)+V(rjnlj)+V ex+V(rjR). 

The part Vex accounts for exchange inter-
electron interaction. The core electron density 
is defined within gauge invariant QED approach 
[24,28]. All correlation corrections of the PT sec-
ond and high orders (electrons screening, particle-
hole interaction etc.) are accounted for. Procedure 
for an account of the radiative QED corrections is 
given in detail in refs. [20,21,28,30,31]. Regarding 
the vacuum polarization effect let us note that this 
effect is usually taken into account in the first PT 
order by means of the Uehling potential: ] 

( ) ( )( )

( )

2
2

2
1

2 1exp 2 1 1 2
3

2 ,
3

tU r dt rt Z t
r t

C g
r

∞α −
= − − α + ≡

π

α
≡ −

π

∫

   (6)

where 
rg
Z

=
α

. In our calculation we usually use 

more exact approach. The Uehling potential, de-
termined as a quadrature (6), may be approximated 
with high precision by a simple analytical function. 
The use of new approximation of the Uehling po-
tential [30] permits one to decrease the calculation 
errors for this term down to 0.5 – 1%. Besides, us-
ing such a simple analytical function form for ap-
proximating the Uehling potential allows its easy 
inclusion into the general system of differential 
equations. 

A method for calculation of the self-energy part 
of the Lamb shift is based on an idea by Ivanov-
Ivanova [20,21]. In an atomic system the radiative 
shift and the relativistic part of the energy are, in. 
principle, determined by one and the same physical 
field. It may be supposed that there exists some uni-
versal function that connects the self -energy cor-
rection and the relativistic energy. The self-energy 
correction for the states of a hydrogen-like ion was 
presented by Mohr [15,16] as: 

 ( ) ( )
4

3, 0.027148 ,SE
ZE H Z nlj F H Z nlj
n

= .  (7) 

This result is modified for the states 1s2 nlj of 
Li-like ions. It is supposed that for any ion with nlj 
electron over the core of closed shells this value may 
be presented as: 

 ( ) ( )( )
4

1
3, 0.027148 ,SEE Z nlj f nlj cm
n

−ξ
= ξ .  (8) 

The parameter ( )1 4 ,R RE Eξ =  is the relativistic 
part of the outer electron bounding energy; the 
universal function ( ),f nljξ  does not depend on 
the composition of the closed shells and nuclear 
potential. The scheme of generalization for the 
case of Li-like ions with the finite nucleus consists 
of several steps (see details in refs. [20,21,30,31]). 
The procedure of generalization for a case of Li-
like ions with the finite nucleus consists of the fol-
lowing steps: 1). Calculation of the values E

R
 and 

ξ  for the states nlj of H-like ions with the point 
nucleus (in accordance with the Zommerfeld for-
mula); 2). Construction of an approximating func-
tion ( ),f nljξ  by the found reference Z and the ap-
propriate ( ),F H Z nlj ; 3). Calculation of E

R
 and ξ  

for the states nlj of Li-like ions with the finite nu-
cleus; 4). Calculation of SEE  for the sought states 
by the formula (8). The energies of the states of Li-
like ions were calculated twice: with a convention-
al constant of the fine structure α=1/137.04 and 
with 1000.α = α The results of latter calculations 
were considered as non-relativistic. This permit-
ted isolation of E

R
 and ξ . A detailed evaluation of 

their accuracy may be made only after a complete 
calculation of ( ),n

SEE Li Z nlj . It may be stated that 
the above extrapolation method is more justified 
than using the widely spread expansions by the pa-
rameter Zα . For all calculations the PC package 
”Superatom-ISAN” is used. 

3. Results and conclusions 

We carried out the calculation of spectra of nlj 
(n=2-4) states for Li-like heavy ions with Z =20-
100, energies of circular (n, l=n-1), 2<n<13, transi-
tions for kaonic atoms using the current world aver-
age kaon mass. In table 1 we present the calculation 
data for energies of 2s

1/2
-2p

1/2 
transition in spectrum 

of U89+ ion, obtained by different methods (see refs. 
[16-21,26-28]): this work (column G), MCDF (A), 
model PT with the DF “0”approximation (B); rel-
ativistic PT with “0” Hartree-Fock potential (C); 
multiparticle PT with DF “0” approximation (D), 
the QED PT with optimized zeroth approximation. 
Agreement between all data and experiment is quite 
good, but more exact results are in the columns C, 
F, G. 

In figure 1 we present the experimental kaonic 
Helium-4 X-ray energy spectra. It is very important 
to note that the kaonic helium 3d-2p, 4d-2p, 5d-2p 
transitions are clearly observed. 
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Fig.1. The experimental kaonic Helium-4 X-ray energy 
spectra. The kaonic helium 3d-2p, 4d-2p, 5d-2p transi-
tions are clearly observed (from refs. [6,7]). 

The energy spectra of the kaonic helium X-rays are 
shown in the figure, and the measured energy of the 
kaonic helium X-ray lines are given in the table 2. The 
comparison with the previous experimental results is 
also shown. The 3 times higher statistics of the kaonic 
events, twice better energy resolution, and 6 times 
higher signal-to-background ratio were obtained. 
The obtained shift on the kaonic helium 2p state is 
2 ± 2(stat) ± 2(sys) eV. This shift is consistent with 
the theoretically calculated values by both the optical 
potential models (~ 0 eV) and the model predicting 
the deeply bound kaonic states (< ± 10 eV), while it 
disagrees with the values in the past experiments. So, 
one can conclude here that the long-standing problem 
about the energy level of the 2p state of the kaonic he-
lium-4 was solved [6,7]. To understand further infor-
mation on the low-energy kaon-nuclear interaction, 
new experiments to determine the shift and width of 
kaonic helium-3 and of kaonic hydrogen/deuterium 
are now in preparation in J-Parc and in LNF, respec-
tively (look, for example, refs. [1,2,6]). 

In table 2 we present the measured and calculat-
ed kaonic 4He x-ray energies (eV) of 3d-2p , 4d-2p 
and 5d-2p transitions. The transitions are identified 
by the initial (n

i
) and final (n

f
) quantum numbers. 

The calculated values of transition energies are 
compared with available measured (E

m
) and other 

calculated (E
c
) values [1-4,13]. 

 Table 1 
Contributions to energy (eV) of 2s

1/2
 − 2p

1/2
 transition for U89+ion (RC – nucleus recoil correction=0,1 eV; 
experiment: 280,59) 

Values A B C D F G
Relativistic PT 324,10 319,67 322,31 322,41 322,33 322,35

SE -56,08 -52,09 -54,34 -54,24 -54,16 -54,18
VP 14,61 13,08 12,56 12,56 12,35 12,33

Full energy 282,63 280,66 280,63 280,83 280,62 280,60

Table 2 
Measured and calculated kaonic 4He x-ray energies (eV) of 3d-2p , 4d-2p and 5d-2p transitions 

Transition 3d-2p 4d-2p 5d-2p
Experiment [3,4] 6466,7±2,5 8723,3±4,6 9760,1±7,7

Theory [2,7] 6463,5 8721,7 9766,8
Present paper 6468,03 8727,10 9767,54

In table 3 we present the calculated X-ray en-
ergies of kaonic H and U atoms for transitions be-
tween circular levels. The majority of our transition 
energies are inside the experimental error bar. But, 
there is an exception, in particular, the 8-7 transi-
tion in U. In a case of good agreement between the-
oretical and experimental data, the corresponding 

levels are less sensitive to strong nuclear interaction. 
In the opposite case one could point to a strong-in-
teraction effect in the exception cited above. 

The pionic 6h-5g transition energies are calcu-
lated in the two pionic atoms: π-22Ne and π-20Ne. 
The indicated energies can be calculated with high 
precision since the strong interaction plays no role 
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for such high-lying circular states. We used the world 
average pion mass m=139.57018±0.00035MeV as 
given by the particle data group and fundamental 
constants (see refs. [3-5]). Here the Klein-Gordon 
equation for a spherical nuclear charge distribution 
is solved too. We obtained 4509.958eV and 4513.012 

eV for the 6h-5g transition in 22Ne and 20Ne, respec-
tively. For comparison let us present the similar data 
by Indelicato et al [2]: 4509.894 eV and 4512.948 
eV respectively. The detailed analysis of the pionic 
atom transitions for other systems is presented in 
the paper [12]. 

Table 3 
Calculated (E

c
) and measured (E

m
) kaonic H and U atoms X-ray energies (in keV) 

Nucl. Transition E
c
,this work E

c
 [6] E

c
 [7] E

m

H 2-1 6.650 6.481 6.480 
6,482

6.675(60) 
6,96 (9)

U 8-7 538.328 538.013 537.44 
538.72

538.315(100)
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