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Abstract. The theoretical studying the strong interaction shifts and widths from X-ray spectros-
copy of kaonic atoms is fulfilled. Sensing the strong interaction effects and theoretical estimating 
spectra of kaonic atomic systems can be considered as a new tool for studying nuclear structure and 
strong K-nucleus interaction. 
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ÄÅÒÅÊÒÓÂÀÍÍß ÅÔÅÊÒ²Â ÑÈËÜÍÎ¯ ÂÇÀªÌÎÄ²¯ Ó ÑÏÅÊÒÐÎÑÊÎÏ²¯ ÀÄÐÎÍÍÈÕ ÀÒÎÌ²Â 

Î. Þ. Õåöåë³óñ, Ä. ª. Ñóõàðåâ, Þ. Â. Äóáðîâñüêà 

Àíîòàö³ÿ. Âèêîíàíî òåîðåòè÷íó îö³íêó çñóâ³â ³ øèðèí ð³âí³â, ÿê³ îáóìîâëåí³ åôåêòà-
ìè ñèëüíî¿ âçàºìîä³¿, â ìåæàõ ðåíòãåí³âñüêî¿ ñïåêòðîñêîï³¿ êàîííèõ àòîì³â. Äåòåêòóâàííÿ 
åôåêò³â ñèëüíî¿ âçàºìîä³¿ ³ òåîðåòè÷íà îö³íêà ñïåêòð³â êàîííèõ àòîì³â º îäíèì ç íîâèõ ï³ä-
õîä³â äî âèçíà÷åííÿ ÿäåðíî¿ ñòðóêòóðè ³ ïàðàìåòð³â ñèëüíî¿ êàîí- ÿäåðíî¿ âçàºìîä³¿. 

Êëþ÷îâ³ ñëîâà: åôåêòè ñèëüíî¿ âçàºìîä³¿, ñïåêòðîñêîï³ÿ, êàîíí³ àòîìè 

ÄÅÒÅÊÒÈÐÎÂÀÍÈÅ ÝÔÔÅÊÒÎÂ ÑÈËÜÍÎÃÎ ÂÇÀÈÌÎÄÅÉÑÒÂÈß 
Â ÑÏÅÊÒÐÎÑÊÎÏÈÈ ÀÄÐÎÍÍÛÕ ÀÒÎÌÎÂ 

Î. Þ. Õåöåëèóñ, Ä. Å. Ñóõàðåâ, Þ. Â. Äóáðîâñêàÿ 

Àííîòàöèÿ. Âûïîëíåíà òåîðåòè÷åñêàÿ îöåíêà ñäâèãîâ è øèðèí óðîâíåé, îáóñëîâëåííûõ 
ýôôåêòàìè ñèëüíîãî âçàèìîäåéñòâèÿ, â ðàìêàõ ðåíòãåíîâñêîé ñïåêòðîñêîïèè êàîííûõ 
àòîìîâ. Äåòåêòèðîâàíèå ýôôåêòîâ ñèëüíîãî âçàèìîäåéñòâèÿ è îöåíêà ñïåêòðîâ êàîííûõ 
àòîìîâ ÿâëÿþòñÿ îäíèì èç íîâûõ ïîäõîäîâ ê îïðåäåëåíèþ ÿäåðíîé ñòðóêòóðû è ïàðàìåòðîâ 
ñèëüíîãî êàîí-ÿäåðíîãî âçàèìîäåéñòâèÿ. 

Êëþ÷åâûå ñëîâà: ýôôåêòû ñèëüíîãî âçàèìîäåéñòâèÿ, ñïåêòðîñêîïèÿ, êàîííûå àòîìû 

1. Introduction 

In last years studying the exotic hadronic atomic 
systems such as kaonic and pionic atoms are of a 
great interest for further development of atomic 
and nuclear theories as well as new tools for sensing 
the nuclear structure and fundamental kaon, pion-
nucleus strong interactions. Besides, studying these 

systems is very important for further check of the 
Standard model [1-16]. In the last few years tran-
sition energies in pionic [1] and kaonic atoms [2] 
have been measured with an unprecedented pre-
cision. The spectroscopy of kaonic hydrogen al-
lows to study the strong interaction at low energies 
by measuring the energy and natural width of the 
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ground level with a precision of few meV [1-5]. Be-
sides, light kaonic atoms can additionally be used to 
deõne new low-energy X-ray standards [1] and to 
evaluate the kaon (pion) mass using high accuracy 
X-ray spectroscopy. The collaborators of the E570 
experiment [6,7] measured X-ray energy of a kaonic 
helium atom, which is an atom consisting of a kaon 
(a negatively charged heavy particle) and a helium 
nucleus. Batty et al [4] had performed theoretical 
and experimental studying the strong- interaction 
effects in spectra of high Z kaonic atoms. These au-
thirs had applied the naïve phenomenological opti-
cal model estimates. Now new exciting experiments 
are been preparing in order to make sensing the 
strong interaction effects in other hadronic atomic 
systems. The studies of the low-energy kaon-nu-
clear strong interaction with strangeness have been 
performed by measurements of the kaonic atom X-
rays with atomic numbers Z=1-92 [1]. It is known 
that the shifts and widths due to the strong inter-
action can be systematically understood using phe-
nomenological optical potential models. Neverthe-
less, one could mention a large discrepancy between 
the theories and experiments on the kaonic helium 
2p state. A large repulsive shift (about -40 eV) has 
been measured by three experimental groups in the 
1970’s and 80’s, while a very small shift (< 1 eV) was 
obtained by the optical models calculated from the 
kaonic atom X-ray data with Z>2 [1-6]. This signif-
icant disagreement (a difference of over 5 standard 
deviations) between the experimental results and 
the theoretical calculations is known as the “ka-
onic helium puzzle”. A possible large shift has been 
predicted using the model assuming the existence 
of the deeply bound kaonic nuclear states. How-
ever, even using this model, the large shift of 40 eV 
measured in the experiments cannot be explained. 
A re-measurement of the shift of the kaonic helium 
X-rays is one of the top priorities in the experimen-
tal research activities. In the theory of the kaonic 
and pionic atoms there is an important task, con-
nected with a direct calculation of the X-ray transi-
tion energies within consistent relativistic quantum 
mechanical atomic and nuclear theory methods. 
The standard way is based on solution of the Klein-
Gordon equation, but there are many important 
problems connected with accurate accounting for 
as kaon-nuclear strong interaction effects as QED 
radiative corrections (firstly, the vacuum polariza-
tion effect etc.) [1-5]. This topic has been a subject 
of intensive theoretical and experimental interest 
(see [12-22]). In the present paper an effective ab 

initio approach to quantum Klein-Gordon equa-
tion calculation of X–ray spectra for multi-electron 
kaonic atoms with an account of the nuclear, radia-
tive effects is proposed and the theoretical studying 
the strong interaction shifts and widths from X-ray 
spectroscopy of kaonic atoms is fulfilled. The lev-
el energies and energy shifts for these systems are 
estimated and in whole an analysis of the received 
data can be considered as a new tool for sensing the 
nuclear structure and strong kaon -nucleus interac-
tion. The generalized optical potential model with 
correct defining the proton and neutron densities in 
a nucleus is used in direct definition of the strong 
interaction shifts and widths. It is carried out a de-
tailed analysis of theoretical and experimental data 
on the strong interaction widths and shifts. 

2. New quantum Klein-Gordon equation 
approach in the kaonic atoms theory 

Let us describe the key moments of our new ap-
proach to quantum calculation of the spectra for 
multi-electron kaonic (pionic) atoms with an ac-
count of nuclear and radiative effects (more details 
applying to the multi-electron heavy atoms can be 
found in refs. [16-23]). It is well known that the 
relativistic dynamic of a spinless particle can be de-
scribed by the Klein-Gordon equation. The electro-
magnetic interaction between a negatively charged 
spin-0 particle with a charge equal to q=–e and 
the nucleus can be taken into account introducing 
the nuclear potential Aν in the KG equation via the 
minimal coupling pν→ pν– qAν. The wave functions 
of the zeroth approximation for kaonic atoms are 
found from the Klein-Gordon equation [5]: 

   2 2 2 2 2
02

1( ) { [ ( )] } ( )tm c x i eV r x
c

Ψ = ∂ + + ∇ Ψ ,  (1) 

where h is the Planck constant, c the velocity of the 
light and the scalar wavefunction Ψ

0
(x) depends on 

the space-time coordinate x = (ct,r). Here it is con-
sidered a case of a central Coulomb potential (V

0
(r), 

0). A usually, We consider here the stationary solu-
tion of Eq. (1). In this case, we can write: 

  (x)  exp(-iEt xΨ = /  )φ( )   (2) 

and Eq. (1) becomes: 

 2 2 2 2 2
02

1{ [ ( )] } ( ) 0E eV r m c x
c

+ + ∇ − φ =   (3) 

where E is the total energy of the system (sum of the 
mass energy mc2 and binding energy ε

0
). In prin-
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ciple, the central potential V
0
 should include the 

central Coulomb potential, the vacuum-polariza-
tion potential as well as the kaon-nucleus strong 
interaction potential (optical model potential). 
Earlier we have calculated some characteristics of 
hydrogen-like and other multi-electron ions with 
using the nuclear charge distribution in the form 
of a uniformly charged sphere and Gaussian form 
(c.f. [19-21]). The advantage of the Gaussian form 
nuclear charge distribution is provided by using the 
smooth function instead of the discontinuous one 
as in the model of a uniformly charged sphere [22]. 
It is obvious that it simplifies the calculation proce-
dure and permits to perform a flexible simulation of 
the real distribution of the charge in a nucleus. In 
last years to define the nuclear potential it is usually 
used the Fermi model for the charge distribution in 
the nucleus ( )rρ  (c.f.[21]): 

 0( ) / {1 exp[( ) / )]}с r с r c a= + −   (4) 

where the parameter a=0.523 fm, the parameter ñ 
is chosen by such a way that it is true the follow-
ing condition for average-squared radius: <r2>1/2=
=(0.836⋅A1/3+0.5700)fm. Further let us present the 
formulas for the finite size nuclear potential and 
its derivatives on the nuclear radius. If the point-
like nucleus has the central potential W( R), then a 
transition to the finite size nuclear potential is real-
ized by exchanging W(r) by the potential [19]: 

 

( ) ( ) ( )

( ) ( )

2

0

2 .

r

r

W r R W r dr r r R

dr r W r r R
∞

= ρ +

+ ρ

∫

∫   (5) 

We assume it as some zeroth approximation. 
Further the derivatives of various characteristics on 
R are calculated. They describe the interaction of 
the nucleus with outer electron; this permits recal-
culation of results, when R varies within reasonable 
limits. The Coulomb potential for the spherically 

symmetric density ( )r Rρ  is: 

 

( ) (( ) ( )

( )

' '2 '

0

' ' '

1
r

nucl

r

V r R r dr r r R

dr r r R
∞

= − ρ +

+ ρ

∫

∫   (6) 

It is determined by the following system of dif-
ferential equations [19]: 

( ) ( ) ( ) ( ) ( )' 2 ' '2 ' 2

0

, 1 , 1 ,
r

V nucl r R r dr r r R r y r R= ρ ≡∫  

 ( ) ( )2' , ,y r R r r R= ρ   (7) 

 2
0'( ) ( / )exp[( ) / ]{1 exp[( ) / )]}с r с a r c a r c a= − + −  

with the boundary conditions: 

 ( ) ( )0, 4nuclV R r= − π  
  ( )0, 0y R = , (8) 

 0(0) / {1 exp[ / ]}с с c a= + −  

The new important topic is connected with a 
correct accounting the radiation QED corrections 
and, first of all, the vacuum polarization correction. 
Procedure for an account of the radiative QED cor-
rections in a theory of the multi-electron atoms is 
given in detail in refs. [17-22]. Regarding the vacu-
um polarization effect let us note that this effect is 
usually taken into account in the first PT order by 
means of the Uehling potential: 

 

( ) ( )

( ) ( )

1

2
2

2

2 exp 2
3

1 21 1 2 ,
3

U r dt rt Z
r

tt C g
t r

∞α
= − − α ×

π

− α
× + ≡ −

π

∫

  (9) 

where 
rg
Z

=
α

. In our calculation we usually use 

more exact approach. The Uehling potential, de-
termined as a quadrature (9), may be approximated 
with high precision by a simple analytical function. 
The use of new approximation of the Uehling po-
tential [21] permits one to decrease the calculation 
errors for this term down to 0.5 — 1%. Besides, us-
ing such a simple analytical function form for ap-
proximating the Uehling potential allows its easy 
inclusion into the general system of differential 
equations. 

As it is well known, the nuclear absorption is 
defined by the strength of the strong interaction 
and overlapping the kaonic atomic wave function 
with the nuclear ones. The widespread approach to 
treating the strong interaction between the nucleus 
and orbiting kaon is in using the phenomenological 
optical potential of the following form [1,5,10]: 

 
2 [1 ][ ( ) ( )]K

N Kp p Kn n
N

MV A r A r
M

π
= − + ρ + ρ

μ
,  (10) 

where μ is the kaon-nucleus reduced mass, M
K
 and 

M
N
 are the kaon and nucleon masses, ( ), ( )p nr rρ ρ  

are the proton and neutron densities in the nucleus 
and ,Kp KnA A are the corresponding complex effec-
tive Kp and Kn scattering lengths. It si well known 
the Batty simplifying assumption of the following 
kind [4]: 
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2 [1 ][ ( )]K

N
N

MV a r
M

π
= − + ρ

μ
, 

where a is the effective averaged K-nucleon scat-
tering length. Batty et al had analyzed the previous 
kaon data and found the acceptable value for the a 
length is as follows [4]: 

 a=[(0.34±0.03)+i(0.84±0.03)] (fm). 

The presented value of the length a has been in-
deed chosen to describe the low and middle Z nuclei 
[4]. The disadvantage of the usually used approach 
is connected with approximate definition of the 
proton and neutron densities and using the effec-
tive averaged K-nucleon scattering length. More 
correct approach is in the the relativistic mean-field 
(RMF) model for the ground-state calculation of 
the nucleus. Though we have no guaranty that these 
wave-functions yield a close approximation to na-
ture, the success of the RMF approach supports 
our choice [24]. These wave functions do not suffer 
from known deficiencies of other approaches, e.g., 
the wrong asymptotics of wave functions obtained 
in a harmonic oscillator potential. The RMF model 
has been designed as a renormalizable meson-field 
theory for nuclear matter and finite nuclei [24]. The 
realization of nonlinear self-interactions of the sca-
lar meson led to a quantitative description of nuclear 
ground states. As a self-consistent mean-field model 
(for a comprehensive review see ref. [22-24]), its an-
satz is a Lagrangian or Hamiltonian that incorpo-
rates the effective, in-medium nucleon-nucleon in-
teraction. Recently [22] the self-consistent models 
have undergone a reinterpretation, which explains 
their quantitative success in view of the facts that 
nucleons are composite objects and that the mesons 
employed in RMF have only a loose correspondence 
to the physical meson spectrum. They are seen as 
covariant Kohn-Sham schemes and as approxima-
tions to the true functional of the nuclear ground 
state. As a Kohn-Sham scheme, the RMF model 

can incorporate certain ground-state correlations 
and yields a ground-state description beyond the 
literal mean-field picture. RMF models are effec-
tive field theories for nuclei below an energy scale of 
1GeV, separating the long- and intermediate-range 
nuclear physics from short-distance physics, involv-
ing, i.e., short-range correlations, nucleon form 
factors, vacuum polarization etc, which is absorbed 
into the various terms and coupling constants. As it 
is indicated in refs.[24] the strong attractive scalar 
(S: -400 MeV) and repulsive vector (V: +350 MeV) 
fields provide both the binding mechanism (S + V: 
-50 MeV) and the strong spin-orbit force (S – V: -
750 MeV) of both right sign and magnitude. In our 
calculation we have used so called NL3-NLC (see 
details in refs. [24]), which is among the most suc-
cessful parameterizations available. 

3. Results and conclusions 

In ref. [5] we have presented some calculations 
for a selection of kaonic atom transitions. Such 
calculations are obtained solving numerically the 
Klein-Gordon equation using the effective Dirac 
Superatom code developed by Ivanov et al [16-21] 
that has been modified to include spin-0 particles 
case, even in the presence of electrons [1]. The kaon 
mass was assumed to be 493.677±0.013MeV [11]. 
In table 1 we present the calculated electromagnetic 
(EM) X-ray energies of kaonic atoms for transitions 
between circular levels. The transitions are identi-
fied by the initial (n

i
) and final (n

f
 ) quantum num-

bers. The calculated values of transition energies are 
compared with available measured (E

m
) and other 

calculated (E
c
) values [1-7]. In a case of the close 

agreement between theoretical and experimental 
data, the corresponding levels are less sensitive to 
strong nuclear interaction. In the opposite case one 
could point to a strong-interaction effect in the ex-
ception cited above. 

Table 1 
Calculated (E

c
 ) and measured (E

m
) kaonic atoms X-ray energies (in keV)

Nucl. Transition  E
c
,our theor  E

c
, [4] E

c
 [6] E

c
 [7] E

m

W 8-7 346.572 346.54 - - 346.624(25)
W 7-6 535.136 535.24 - - 534.886(92)
Pb 8-7 426.174 426.15 - - 426.221(57)
U 8-7 538.528 538.72 538.013 537.44 538.315(100)

In table 2 we present the calculated ( C) and mea-
sured (M) strong interaction shifts ΔE and widths G 
(in keV) for the kaonic atoms X-ray transitions. The 

subscripts M and C stands for measured and cal-
culated values correspondingly. The width G is the 
strong width of the lower level which was obtained by 
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subtracting the electromagnetic widths of the upper 
and lower level from the measured value. The shift 
ΔE is defined as difference between the measured 
E

M
 and calculated E

EM
 (electromagnetic) values of 

transition energies; the calculated value is obtained 
by direct solving the equation (1) with kaon-nuclear 

potential. Besides, the measured values by Miller et 
al and Cheng et al (from refs. [1,4] are listed in table 2 
too. It should be noted that Cheng et al did not make 
any energy calibration above the 511 e+ annihilation 
and Batty et al [4] indicated that the corresponding 
difference between the energy values is not serious. 

Table 2 
Calculated ( C) and measured ( M) strong interaction shifts ΔE and widths G for the kaonic atoms X-ray transitions: 
a- the shift was estimated with Miller et al measured energy (see [1]); b — the shift was estimated with Cheng et al 

measured energy (see [1]); c — the shift by Batty et al [4]; d — this work; 

Nucl  ΔE
C
 (d) G

C
 (d)  ΔE

C
 ( c) G

C
 ( c)  ΔE

M
 G

M
 

W, 8-7 0.038 0.072 -0.003 0.065 0.079c 

0.052d
0.070 (15)

W, 7-6 -0.294 3.85 -0.967 4.187 -0.353c 

–0.250d
3.72 (35)

Pb, 8-7 0.035 0.281 -0.023 0.271 0.072c 

0.047d
0.284 (14) 

0.370 (150)a

U, 8-7 -0.205 2.620 -0.189 2.531 0.120a 

0.032b 

–0.40c 

–0.213d

2.67(10) 
1.50 (75)a

From the other side, more correct definition of 
proton and neutron densities is of a great impor-
tance for physically reasonable agreement between 
the measured and calculated (this work) shifts and 
widths. In whole we can conclude that the mea-
sured strong interaction parameters are reasonably 
well reproduced by present theory. To understand 
further information on the low-energy kaon-nucle-
ar interaction, new experiments to determine the 
shift and width of kaonic atoms are now in prepara-
tion in J-Parc and in LNF, respectively (look, for 
example, refs. [1,8]). 
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