
26

Sensor Electronics and Microsystem Technologies. 4/2009

ÏÐÎÅÊÒÓÂÀÍÍß ² ÌÀÒÅÌÀÒÈ×ÍÅ ÌÎÄÅËÞÂÀÍÍß ÑÅÍÑÎÐ²Â 
——

SENSORS DESIGN AND MATHEMATICAL MODELING 

UDC 621.396.6-973 

MODELING OF TRANSITIONAL PROCESSES IN THE INFORMATION 
TRANSFORMERS — JOSEPHSON CRYOTRONS 

M. V. Tyhanskyi, R. R. Krysko, A. I. Partyka 

“Lviv Polytechnic” National University, 12, Bandera Str., 79013, Lviv, Ukraine 
Phone: +380-32 2582140, Fax: +380-32 2582140 

Å-mail: andrij14@rambler.ru 

MODELING OF TRANSITIONAL PROCESSES IN THE INFORMATION TRANSFORMERS — 
JOSEPHSON CRYOTRONS 

M. V. Tyhanskyi, R. R. Krysko, A. I. Partyka 

Abstract. In the present work, we show that logical state controlling of Josephson memory cells 
(cryotrons) is possible not only by applying external current impulses, but also by means of magnetic 
flux impulses. By using methods of mathematical modeling, we studied transitional processes in 
cryotrons during the switching of their logical state and calculated transitional characteristics for the 
operational temperature T  = 81,2 Ê. Peculiarities of the Josephson cryotrons’ behavior and the ef-
fect of the variation of model parameters on direct logical transitions “0” → “1” and inverse logical 
transitions “1” → “0” are discussed. 
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ÌÎÄÅËÞÂÀÍÍß ÏÅÐÅÕ²ÄÍÈÕ ÏÐÎÖÅÑ²Â Â ²ÍÔÎÐÌÀÖ²ÉÍÈÕ ÏÅÐÅÒÂÎÐÞÂÀ×ÀÕ — 
ÄÆÎÇÅÔÑÎÍ²ÂÑÜÊÈÕ ÊÐ²ÎÒÐÎÍÀÕ 

Ì. Â. Òèõàíñüêèé, Ð. Ð. Êðèñüêî, À. ². Ïàðòèêà 

Àíîòàö³ÿ. Â ðîáîò³ ïîêàçàíî, ùî êåðóâàòè ëîã³÷íèì ñòàíîì äæîçåôñîí³âñüêèõ åëåìåíò³â 
ïàì’ÿò³ (êð³îòðîí³â) ìîæíà íå ò³ëüêè ä³ºþ çîâí³øí³õ ³ìïóëüñ³â ñòðóìó, à òàêîæ çà äîïîìîãîþ 
³ìïóëüñ³â ìàãí³òíîãî ïîòîêó. Ìåòîäàìè ìàòåìàòè÷íîãî ìîäåëþâàííÿ äîñë³äæåíî ïåðåõ³äí³ 
ïðîöåñè â êð³îòðîíàõ ï³ä ÷àñ çì³íè ¿õ ëîã³÷íîãî ñòàíó òà ðîçðàõîâàíî ïåðåõ³äí³ õàðàêòåðèñ-
òèêè êð³îòðîí³â äëÿ ðîáî÷î¿ òåìïåðàòóðè T  = 81,2 Ê. Âèÿâëåíî îñîáëèâîñò³ ïîâåä³íêè äæî-
çåôñîí³âñüêèõ êð³îòðîí³â òà äîñë³äæåíî âïëèâ ïàðàìåòð³â ìîäåë³ íà ïðÿì³ ëîã³÷í³ ïåðåõîäè 
“0” → “1” òà çâîðîòí³ ëîã³÷í³ ïåðåõîäè “1” → “0”. 

Êëþ÷îâ³ ñëîâà: ³íôîðìàö³éíèé ïåðåòâîðþâà÷, êâàíòîâà êîì³ðêà ïàì’ÿò³, äæîçåôñîí³âñü-
êèé êð³îòðîí, ïåðåõ³äíà õàðàêòåðèñòèêà, ëîã³÷íèé ïåðåõ³ä 
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Introduction 

Superconducting or Josephson cryotrons are 
promising candidates for being used as composite 
elements of logical circuits, memory devices and 
various switches. Their advantages are low energy 
consumption during the logical state switching 
(~10-18 J), small characteristic sizes (~10-2 — 1 μm), 
high operational speed (the switching time or the 
commutation time ~10-11 s) [1,4,5,6-7]. In comput-
er technology, they are very attractive due to, first 
of all, their higher operational speed in compari-
son with traditional elements. Nowadays, the in-
vestigations aimed at developing super-high speed 
computer memory cells based on Josephson tunnel 
junctions are at the final stage [2,3,8,9,10-12]. In 
our previous studies [14,15], we developed a math-
ematical model for Josephson cryotrons (JC) and 
calculated their transitional characteristics during 
the logical state switching controlled by external 
current impulses. The cryotrons were based upon 
Josephson tunnel junctions made of high-temper-
ature superconductors, which can be used as su-
per-high speed memory cells, with the operational 
temperature equal to the boiling temperature of ni-
trogen T  = 77 Ê . We also proposed to control the 
cryotron’s logical state by magnetic field impulses 
instead of current impulses. As a result, the transi-
tional characteristics were improved, the commuta-
tion time for logical transitions “0” → “1” and “1”
→ “0” was reduced, which lead to the increase of 
the cryotron’s speed. 

Mathematical model of transitional processes in 
cryotrons 

It is known that there are two ways of control-
ling the logical state of Josephson cryotrons: 1) by 
means of controlling current impulses; 2) by means 
of controlling magnetic flux impulses. Let us con-
sider how the logical state of cryotrons is controlled 
by magnetic flux impulses. In order to understand 
this controlling mechanism, we use the relation be-
tween the critical current of the Josephson tunnel 
junction (JTJ) CI  and the external magnetic field 

0H  or the magnetic flux through the JTJ Φ . The 
quantities 0H  and Φ  are related as 0H SΦ = , where 
S  is the effective area, through which the magnetic 
field penetrates into the tunnel junction. The func-

tion ( )CI Φ  is well known: ( )CI Φ  = 0

0

sin
(0)CI

πΦ
Φ

πΦ
Φ

, 

where (0)CI  is the critical current in the JTJ in the 
case when Φ  = 0 or 0H  = 0, and 0Φ  is the mag-
netic flux quantum. 

When the magnetic flux Φ  is varied from Φ  = 0 
to Φ  = 0Φ , the critical current decreases from the 
value (0)CI  to zero, i.e., by varying the magnetic 
flux Φ  or the external magnetic field 0H  it is pos-
sible to effectively change the critical current CI . 
By varying the critical current CI , one can establish 

CI  > PI , where PI  is the critical current flowing 
through the cryotron (the cryotron’s operational 
current), corresponding to zero voltage across the 
cryotron due to superconducting non-dissipative 
tunneling of Cooper pairs. In the case of CI  < PI , 
the non-dissipative tunneling of Cooper pairs is de-
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Àííîòàöèÿ. Â ðàáîòå ïîêàçàíî, ÷òî óïðàâëÿòü ëîãè÷åñêèì ñîñòîÿíèåì äæîçåôñîíîâñêèõ 
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âëèÿíèå ïàðàìåòðîâ ìîäåëè íà ïðÿìûå ëîãè÷åñêèå ïåðåõîäû “0” → “1” è îáðàòíûå ëîãè-
÷åñêèå ïåðåõîäû “1” → “0”. 
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stroyed and a non-zero voltage across the cryotron 
appears. These processes make up the foundation 
for creating computer memory cells based on Jo-
sephson cryotrons and for developing methods to 
control the logical state of such cells. 

The core of the mathematical model for transi-
tional processes in Josephson cryotrons is the dif-
ferential equation [14] 

 
2

2

( )sin
2 2P C
C d G V dI I
e dt e dt

φ φ
= φ + + ,  (1) 

where PI  is the operational current flowing through 
the cryotron, CI  is the cryotron’s critical current, 
Ñ is the capacitance of the tunnel junction, ( )G V  
is the conductance of the tunnel junction during 
single-electron tunneling (generally, the conduc-
tance G depends on the voltage across the cryotron 
V),  is the Planck’s constant, å is the electron 
charge, ( )tφ  is the function that describes the time 
dependence of the difference between the phases of 
the wave-functions of the superconductors on the 
both sides of the tunnel junction (phase jump). The 
function ( )tφ is the unknown function in this dif-
ferential equation. Having determined ( )tφ , one 
can obtain the main transitional characteristic of 
the cryotron — the time dependence of the volt-
age ( )V t  during the change of the cryotron’s logi-
cal state — using the equation of the non-stationary 
Josephson effect 

 ( )
2 2
dV t
e dt e

φ ′= = φ .  (2) 

The initial conditions for Eq. (1) were: t  = 0; 
φ  = 0; ′φ  = 0 or V  = 0. The dependence of the 
normal conductance of the tunnel junction on the 
voltage ( )G V were replaced by, according to formu-
la (2), the function ( )G ′φ , which was determined 
from the VI-characteristic of the JTJ during the 
single-electron tunneling of charge carriers. For the 
operational temperature of the cryotron Ò = 81,2 Ê, 
the VI-characteristic of the JTJ was approximated 
by a simple mathematical function 

    ( )I V  = 
1,4 1,4

0 15,5

0,001 26810,920
1 (0,054 )

VG V
V

⎡ ⎤⋅ ⋅
⋅ ⋅ −⎢ ⎥+ ⋅⎣ ⎦

,  (3) 

where 0G  is the normal conductance of the tun-
nel junction, the parameter that can be changed 
in the course of modeling and eventually given an 
optimal value. The logical state of the cryotron was 
controlled by the change of external magnetic field, 
which lead to the change of the cryotron’s critical 
current. Mathematically, the change of the criti-

cal current was described by the Heaviside func-

tion ( )tη − τ  or the function 

4t
te

−τ⎛ ⎞−⎜ ⎟Δ⎝ ⎠ , where τ  is 
the time of application of the controlling impulse, 
tΔ  is the duration of the controlling impulse. In the 

former case, the time dependence of the controlling 
impulses was given as 

 ( )cI t  = 0( ) ( )cI H I t− δ η − τ ,  (4) 

where 0( )CI H  is the critical current for the opera-
tional magnetic field 0H  and Iδ  is the variation of 
the critical current, while in the latter case: 

 ( )cI t =

4

0( )
t
t

cI H Ie
−τ⎛ ⎞−⎜ ⎟Δ⎝ ⎠− δ .  (5) 

After due substitutions, we obtained the working 
differential equation for calculating the transitional 
characteristics of the cryotrons: 

 pI  = 
2
C
e

′′φ  + [0,920 ′αφ  – 

 – 
1,4 1,4

15,5

0,001 2681 ( )
1 (0,054 )

′⋅ ⋅ αφ
′+ αφ

] 0G  + 

 + [ 0( ) ( )cI H I t− δ η − τ ] sin φ   (6) 

for the Heaviside function, and 

 pI  = 
2
C
e

′′φ  + [0,920 ′αφ  –

 – 
1,4 1,4

15,5

0,001 2681 ( )
1 (0,054 )

′⋅ ⋅ αφ
′+ αφ

] 0G  + 

 + [

4

0( )
t
t

cI H Ie
−τ⎛ ⎞−⎜ ⎟Δ⎝ ⎠− δ ] sin φ   (7) 

for the case when the variation of the critical 

current is given by the function 

4t
te

−τ⎛ ⎞−⎜ ⎟Δ⎝ ⎠ (
2e

α = ). 

During transitional processes, the voltage across 
the cryotron V or the function ′φ can be either 
equal to zero (state “0”) or greater than zero (state 
“1”). However, it was established that during logical 
transitions “1” → “0” because of the voltage oscil-
lations the voltage can assume negative values. In 

such case, for calculating functions ( )1,4′φ  or ( )15,5′φ  
the function ( )G V  was used instead of ( )G V . This 
substitution is valid since Josephson tunnel junc-
tions of the S-I-S type are symmetrical and have 
symmetrical VI-characteristics, i.e., their conduc-
tance depends only on the magnitude of the applied 
voltage and does not depend on the polarity of the 
voltage. 



29

Transitional characteristics of the cryotrons 

In order to develop the mathematical model of 
transitional processes in Josephson cryotrons dur-
ing the change of their logical state controlled by 
external magnetic flux impulses and to obtain test 
transitional characteristics, the field induced change 
of the critical current of the cryotron was given by 
a simple mathematical function, namely, by the 
Heaviside function ( )tη − τ . The transitional char-
acteristics of the cryotrons were obtained by solv-
ing the working differential equation (6). The time 
dependence of the critical current was given by the 
function ( )cI t  = 0 1 1 2 2( ) ( ) ( )cI H I t I t− δ η − τ + δ η − τ . 
In Fig. 1, one of the calculated transitional charac-
teristics is displayed. At the initial time t  = 0, the 
cryotron was in the logical state “0”, with the volt-

age V = 0 as the operational current I
p 
= 6 mA was 

less than the initial critical current 0( )cI H
 
= 10 mA. 

Initially, one observed damped voltage oscillations 
of small amplitude on the transitional characteristic 
V(t), which can be explained by the cryotron en-
tering into a stationary operational regime. At the 
time 1τ  = 10 ps, affected by the controlling magnet-
ic field impulses, the critical current decreased in a 
step-like manner by 1Iδ  = 9 mA and became less 
than the operational current I

p 
= 6 mA. This lead to 

the logical transition of the cryotron from the state 
“0” into the state “1”; the voltage 0V  settled across 
the cryotron and remained unchanged as the time 
passed. The characteristic time of the logical transi-
tion “0” → “1”, which we will regard as the com-
mutation time of the cryotron, 1Δτ ≈  3 ps. 

Fig. 1. The time dependence of the critical current of the cryotron cI  (a) and of the voltage across the cryotron V  (b) 
during the logical transition “0” → “1” → “0”, corresponding to the following model parameters: the initial critical 
current 0( )cI H

 
= 10 mA; the operational current (dashed line) I

p 
= 6 mA; the capacitance of the tunnel junction 

C = 0,3 pF; the normal conductance of the tunnel junction G
0
 = 0,9 Ω-1; the variation of the critical current during the 

transition “0” → “1” 1Iδ  = 9 mA; the time when the critical current changes during the transition “0” → “1” 1τ
 
= 10 

ps; the variation of the critical current during the transition “1” → “0” 2Iδ  = 80 mA; the time when the critical cur-
rent changes during the transition “1” → “0” 2τ

 
= 35 ps 

M. V. Tyhanskyi, R. R. Krysko, A. I. Partyka
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At the time 2τ  = 35 ps, a controlling magnetic 
flux impulse increased the critical current of the 
cryotron by 2Iδ  = 80 mA with respect to its previ-
ous value, which initiated a logical transition “1”
→ “0” in the cryotron. The voltage changed from 
the value of 0V  to V = 0. In this case, the voltage 
was not changing smoothly, but instead its decrease 
was accompanied by damped voltage oscillations, 
whose initial amplitude was close to 0V . Analo-
gous damped voltage oscillations during logical 
transitions “1” → “0” were observed in our previ-
ous studies [14,15], were we obtained by means of 
mathematical modeling transitional characteristics 
of the cryotrons when controlling their logical state 
by current impulses. The commutation time of the 
cryotron, defined as the time elapsed from the mo-
ment of the controlling impulse application to the 
moment when the voltage oscillations have disap-
peared and the zero voltage has settled across the 
cryotron, was 2Δτ ≈  4 ps. Comparing the commu-
tation times 1Δτ  and 2Δτ , one concludes that they 
are approximately equal. In Ref. 15, the commuta-
tion time of an inverse logical transition “1” → “0” 

2Δτ  was found to be 5 — 10 times greater than the 
commutation time 1Δτ  of a direct logical transition 
“0” → “1”. Assuming that the cryotron’s opera-
tional speed is determined by the greater commuta-
tion time of the commutation times 1Δτ  and 2Δτ , 
one concludes that the cryotrons controlled by 
magnetic field impulses will be more advantageous 
than the cryotrons whose logical state is controlled 
by current impulses. 

It was established that for the transition “1” →
“0” the variation (increase) of the critical current 
must be 10 times greater than the variation (de-
crease) of the critical current during the transition 
“0” → “1” as these transitions are not symmetrical. 
The former transition is due to the destruction of the 
Cooper pairs superconducting tunneling through 
the potential barrier, whereas the latter transition is 
due to the superconducting tunneling resumption. 
Obviously, it is easier to get the superconducting 
tunneling destroyed than to get it resumed [16]. 

Investigating the calculated transitional char-
acteristics ( )V t  of the cryotrons during the change 
of their logical state, we found out that a cryotron, 
having accomplished a logical transition “0” →
“1”, can remain in the state “1” even when the 
critical current assumes again in a certain time its 
initial value (Fig. 2). 

The cryotrons behaved analogously in the case 
when after the logical transition “1” → “0” the 
critical current decreased to its initial value. As one 
observes in Fig. 2, at the time 1τ

 
= 9 ps the critical 

current cI  becomes less than the operational cur-
rent I

p
 and in 2 ps returns to its initial value 0( )cI H . 

As a result, the cryotron undergoes a logical tran-
sition “0” → “1” and afterwards, even though the 
value of cI  is greater than I

p
, remains in the state 

“1”. On one hand, this contradicts, in a way, the 
principles of the cryotrons’ operation, while, on the 
other hand, if such a behavior is realized in prac-
tice, the control over the cryotrons’ logical state will 
become considerably easier. 

The characteristic commutation time for the 
logical transition “0” → “1” is 1Δτ ≈  2,5 ps. At the 
time 3τ

 
= 29 ps, the critical current cI  is increased 

in an impulse-like manner and returned to the ini-
tial value 0( )cI H , which results in a logical transi-
tion “1” → “0”, with the commutation time 2Δτ  ≈  
4 ps. However, in this case the voltage decrease is 
accompanied by damped voltage oscillations, with 
the initial amplitude comparable with 0V . 

We have established that the logical transition 
“1” → “0” cannot be accomplished without voltage 
oscillations at the cryotron. When the amplitude 
of these oscillations was less (much less) than the 
voltage 0V , undamped voltage oscillations were ob-
served and the cryotron did not change its logical 
state. A logical transition “1” → “0” was only pos-
sible when the controlling impulses were causing 
voltage oscillations with an amplitude close to 0V ; 
the undamped oscillations in this case were giv-
ing place to damped ones, and only afterwards the 
cryotron was changing its state to the logical “0”. 

Of course, the controlling impulses of an ideal 
rectangular shape that we used in the mathematical 
model were just the first step in the course of the 
model’s development. In the following, we replaced 
the step-like impulses of an ideal shape by smooth 
ones, which can be given by the mathematical ex-

pression 
4te− . These impulses were chosen among a 

series of impulses 
2te− ,

4te− ,
6te− ,

8te− , … basing on 
the following considerations. Firstly, the impulses 

4te−  are more localized in time compared with the 

impulses 
2te− . Secondly, the mathematical expres-

sions of the impulses 
4te−  are more convenient to 

work with than those of 
6te−  or 

8te−  and do not over-
complicate the working differential equations. 
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Fig. 2. The time dependence of the critical current of the cryotron cI (a) and of the voltage across the cryotron V  (b) 
during the logical transition “0” → “1” → “0”, corresponding to the following model parameters: the initial critical 
current 0( )cI H

 
= 10 mA; the operational current (dashed line) I

p 
= 6 mA; the capacitance of the tunnel junction 

C = 0,3 pF; the normal conductance of the tunnel junction G
0
 = 0,9 Ω-1; the variation of the critical current during 

the transition “0” → “1” 1Iδ  = 9 mA; the time when the critical current decreases for the logical transition “0” →
“1” 1τ

 
= 9 ps; the time when cI  returns to its initial value 2τ

 
= 11 ps; the variation of the critical current during the 

transition “1” → “0” 2Iδ  = 80 mA; the time when the critical current cI  increases for the logical transition “1” →
“0” 3τ

 
= 29 ps; the time when cI  returns to the initial value 4τ

 
= 31 ps 

 In Fig. 3, we present the time dependence of 
the critical current of the cryotron ( )cI t  (a) and 
of the voltage across the cryotron ( )V t  (b) during 
the logical transition “0” → “1” → “0” for the case 
when ( )cI t  was smoothly modified by controlling 
impulses. ( )cI t  was given by the mathematical 

function 
4te− , namely, ( )cI t  = 

4
1

0 1( )
t
t

cI H I e
−τ⎛ ⎞−⎜ ⎟Δ⎝ ⎠− δ  

for the logical transition “0” → “1” and 

( )cI t  = 

4
2

0 2( )
t
t

cI H I e
−τ⎛ ⎞−⎜ ⎟Δ⎝ ⎠+ δ  for the logical transition 

“1” → “0”. The commutation time of the cryotron 

1Δτ  during the logical transition “0” → “1” was 4 
ps, which is practically the same value as obtained 
from the modeling involving rectangular impulses. 
The characteristic commutation time for the logical 

transition “1” → “0” was 1Δτ ≈ 4,5 ps. These results 
do not differ in any considerable way from the re-
sults obtained by using rectangular impulses. 

Conclusions 

By using the basic principles of controlling the 
Josephson cryotron’s logical state by variation of 
the critical current by means of external magnetic 
field impulses or magnetic flux impulses, we im-
proved the mathematical model of transitional 
processes in cryotrons during the change of their 
logical state and calculated transitional character-
istics of the cryotrons. The results of the mathe-
matical modeling of transitional processes and the 
analysis of the calculated transitional character-

M. V. Tyhanskyi, R. R. Krysko, A. I. Partyka



32

Sensor Electronics and Microsystem Technologies. 4/2009

istics lead us to the following conclusions: 1) the 
considered method of controlling the logical state 
of cryotrons has more advantages compared to the 
alternative methods since within this method the 
commutation times for logical transitions “0” →
“1” and “1” → “0” are almost equal; 2) for a stable 
operation of the cryotrons, it is necessary to have 
the amplitude of the voltage oscillations reach the 
voltage value in the logical state “1”; 3) for stable 

logical transitions “0” → “1”, lowering of the crit-
ical current below the operational current is not 
necessary; these transitions can be accomplished 
as a result of a transitional process initiated by a 
short magnetic flux impulse. The requirements for 
logical transitions “1” → “0” are analogous. Our 
results can be used for the development and con-
struction of quantum memory cells — Josephson 
cryotrons. 

Fig. 3. The time dependence of the critical current of the cryotron cI  (a) and of the voltage across the cryotron V  (b) 
during the logical transition “0” → “1” → “0”, corresponding to the following model parameters: the initial critical 
current 0( )cI H

 
= 10 mA; the operational critical current I

p 
= 6 mA; the capacitance of the tunnel junction C = 0,3 

pF; the normal conductance of the tunnel junction G
0
 = 0,9 Ω-1; the variation of the critical current during the transi-

tion “0” → “1” 1Iδ  = 9 mA; the time of the controlling impulse application during the transition “0” → “1” 1τ
 
= 

10 ps; the variation of the critical current during the transition “1” → “0” 2Iδ  = 80 mA; the time of the controlling 
impulse application during the transition “1” → “0” 2τ

 
= 30 ps; the average duration of the controlling impulses 

1 2t tΔ = Δ = 1 ps (the time of the controlling impulse application is defined as the time when the value of cI  reaches 
its minimum or maximum) 
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